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Abstract: AG -groupoids (non-associative structure) are basic structures in Flocks theory. This theory mainly
focuses on distance optimization, motion replication, leadership maintenance with wide range of applications in
physics and biology. In this paper, we define some new types of fuzzy ideals of 4G -groupoids called («, §) -fuzzy

bi-ideals, (a, /) -fuzzy interior ideals, (,E’,;) -fuzzy bi-ideals and (Z’,;) -fuzzy interior ideals of 4G -groupoids
where a, B € {€,,q95,€, Vqs5,€, Aqs} and ;,Ee {;7,55,;7 v§5,27 /\55} with o #e, Ag; and E :/té}/ /\55. An

important milestone of this paper is to provide the connection between classical algebraic structures (ordinary bi-

ideals, interior ideals) and new types of fuzzy algebraic structures (e,,€, vg,)-fuzzy bi-ideals, (¢,,€, vgq;)-fuzzy

interior ideals). Special attention is given to (e vq, ) -fuzzy bi-ideals, (;7 ,;7 \% c_] 5) -fuzzy bi-ideals.
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1. Introduction The first and second authors would like to thank
The fuzzification of algebraic structures like Abdul Wali Khan University, Mardan, KPK, Pakistan
semigroups, ordered semigroups, AG -groupoids, for the financial support under grant No. ------- during
hemirings, near-rings, BCK / BCI -algebra in terms this project.
of several types of fuzzy ideals and investigation of The concept of a quasi-coincidence of a fuzzy point
new types of fuzzy ideals is a central focus for the with a fuzzy set, which is mentioned in [S, 6], played
researcher nowadays. Due to the diverse applications a significant role to generate some different types of
of such characterizations in many applied branches fuzzy subgroups. The notion of («,f) -fuzzy
such as control engineering, computer = science, subgroups by using the belongs to relation (€) and

Flocks theory, fuzzy coding theory, fuzzy finite state

machines and fuzzy automata, the efforts made by quasi-coincidence with relation (g) between a fuzzy

mathematicians to investigate some new types of point and a fuzzy subgroup is introduced by Bhakat
fuzzy ideals which can fill out the gap laying in the and Das [S]. In particular, (€€ vq) -fuzzy subgroup
latest study of ideal theory. Mordeson et al. [1] is an important and useful generalization of the
presented an up to date account of fuzzy sub- Rosenfeld's fuzzy subgroup [7]. This concept opened
semigroups and fuzzy ideals of a semigroup. Kuroki a new dimension for the researchers to investigate
[2] introduced the notion of fuzzy bi-ideals in similar type of generalizations of the existing fuzzy
semigroups. Kehayopulu applied the fuzzy concept in subsystems of other algebraic structures. In algebra,
ordered semigroups and studied some properties of the concept of (&, ) -fuzzy sets was introduced by

fuzzy left (right) ideals and fuzzy filters in ordered
semigroups (see [3]). Fuzzy implicative and Boolean
filters of R, -algebra were initiated by Liu and Li (see

[4]).

Davvaz in [8], where (€,evq) -fuzzy subnearrings
(ideals) of a nearring were initiated and studied. With
this objective in view, Ma et al. in [9], introduced the
interval valued (€,e€vq) -fuzzy ideals of pseudo-

MYV algebras and gave some important results of
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pseudo- MV algebras. Jun and Song [10] discussed
general forms of fuzzy interior ideals in semigroups,
also see [11]. Kazanci and Yamak introduced the
concept of a generalized fuzzy bi-ideal in semigroups
[12] and gave some properties of fuzzy bi-ideals in
terms of (€€ vq) -fuzzy bi-ideals. Jun et al. [11]
gave the concept of a generalized fuzzy bi-ideal in
ordered semigroups and characterized regular ordered
semigroups in terms of this notion. Davvaz et al. used
the idea of generalized fuzzy sets in hyperstructures
and introduced different generalized fuzzy
subsystems of hyperstructures, e.g., see references. In
[13], Ma et al. introduced the concept of a
generalized fuzzy filter of R, -algebra and provided
some properties in terms of this notion. Many other
researchers used the idea of generalized fuzzy sets
and gave several characterizations results in different
branches of algebra see references. The concept of an
(a, B )-fuzzy interior ideals in ordered semigroups
was first introduced by Khan and Shabir in [14],
where some basic properties of (¢, f) -fuzzy interior
ideals were discussed. Khan et al. [15, 16]
characterized ordered semigroups in terms of some
new types of fuzzy bi-ideals and fuzzy generalized
bi-ideals.

Beside this, the concept of a left almost

semigroup ( LA -semigroup) [17], was first

introduced by Kazim and Naseeruddin in 1972. In
[18], the same structure was called a left invertive
groupoid. Protic and Stevanivic [19] called it an
Abel-Grassmann's groupoid abbreviated as AG -
groupoid, a groupoid whose elements satisfy the left
invertive law: (ab)c =(cb)a for all a,b,ce G. An
AG -groupoid is the midway structure between a
commutative semigroup and a groupoid [20]. It is a
useful non-associative structure with wide range of
applications in the theory of flocks [21]. In an AG -

groupoid the medial law, (ab)(cd) = (ac)(bd) for all

a,b,c,d e G (see [17]) holds . If there exists an
element e in an 4G -groupoid G such that ex=x
for all x e G then G is called an AG -groupoid with
left identity e. If an AG -groupoid G has the right
identity then G is a commutative monoid. If an AG -
groupoid G contains left identity then
(ab)(cd) = (dc)(ba) holds for all a,b,c,d € G. Also
a(bc) = b(ac) holds for all a,b,c e G.

Recently, Yin and Zhan [22] introduced more general
forms of ( €evq )-fuzzy (implicative, positive
implicative and fantastic) filters and (E,;vg )-fuzzy
(implicative, positive implicative and fantastic) filters
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of BL -algebras and defined ( €,,€,
(implicative, positive implicative and fantastic) filters

vgs )-fuzzy

and ( € vqs )-fuzzy (implicative, positive

,€
implicativye aryld fantastic) filters of BL -algebras and
gave some interesting results in terms of these
notions.

In this paper, we generalize the concept of (€,€ vq) -
fuzzy bi-ideals given in [23], (€€ vq) -fuzzy left
(right) ideals and (€,evq) -fuzzy interior ideals
given in [24] and define («,f) -fuzzy bi-ideals,
(a, p) -fuzzy interior ideals, (Z',;) -fuzzy bi-ideals
and (Z’,;) -fuzzy interior ideals in AG -groupoids
where a,Bele,.qs5.€, Vqs5.€, NG5} and

E,Ee{éy,§5,27 VE(;,;}/ Ac_]5} with  a#e, rg;s
and 7)’ ;t;y /\5 s- Special attention is given to
(€,,€, vqs) -fuzzy bi-ideals, (;7,;7 VL_](;) -fuzzy

bi-ideals, (e vqs) -fuzzy interior ideals and

7Sy
(€y,€y vqgz) -fuzzy bi-ideals. Some interesting

results in terms of these new types of notions are also
obtained.

2. Preliminaries

The present section contains some
fundamental concepts on AG -groupoids which are
essential for this paper.
Through out the paper G denote an AG -groupoid
unless otherwise stated.
For subsets 4,B of an AG -groupoid G, we denote
by AB={abeG|ac A,be B}. A non-empty subset
A of G is called a left (right) ideal [25] of G if
GAc A(AG < A) . A nonempty subset 4 of an
AG -groupoid G is called an AG -subgroupoid of
G if A< A. An AG -subgroupoid A4 of G is
called a bi-ideal [25] of G if (AG)A< A. An AG -
subgroupoid A of G is called an interior ideal [25]
of G if (GA)Gc 4.
Now, we give some fuzzy logic concepts.
Let G be an AG -groupoid. By a fuzzy subset y of
an AG -groupoid G, we mean a mapping,
i G—[0,1]. We denote by u(G) the set of all

fuzzy subsets of G. The order relation "< " on
H1(G) is defined as follows:

4y < p ifand only if 24 (x) < 14, (x)
for all x € G and for all g, 1, € u(G).
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A fuzzy subset 4 of G is called a fuzzy AG -
subgroupoid [26] if u(xy)> p(x)A p(y) for all
x,yeG . u is called a fuzzy left (right) ideal of G
if p(xp) 2 p(y)(p(xy) 2 p(x)) for all x,y e G . p is
called a fuzzy ideal of G if it is both a fuzzy left and

right ideal of G .
Let G be an AG -groupoid and g a fuzzy subset of

G . Then u is called a fuzzy bi-ideal [26] of G, if it
satisfies the following conditions:

() (Vx,y € G)(u(xy) 2 min {x(x), u(y)} )-

(2) (Vx,y,z € G)(u((xy)z) 2 min {£(x), u(2)} ).
A fuzzy subset u of G is called a fuzzy interior

ideal [26] of G if it satisfies the following
conditions:

(M (Vx,y € G)(pu(xy) 2 min {x(x), 1(y)} ).

(2) (Vx,a,y € G)(u((xa)y) 2 u(a) ).
Let  be a fuzzy subset of G and ¢ # A = G then
the characteristic function p, of A is defined as:
lifae A,

: G—>[0,1],a> =9
Hy [0,1],a > p4(a) {01faeA.

Let 4 and A be the two fuzzy subsets of AG -
groupoid G . Then the product g0 A is defined by

\V (y(y)/\/i(z)) ifx=yz,
(o 2)(x) =
0 otherwise
forall y,zeG.

For an AG -groupoid G, the fuzzy subsets "0 " and

"1" of G are defined as follows:
0:G—[0,1]|x > 0(x)=0,
1:G—>[0,1]]x > 1l(x)=1.

Clearly, the fuzzy subset 0 (resp. 1) of G is the
least (resp. the greatest) element of the 4G -groupoid
(1(G),o) (that is, 0<u and <1 for every
U € 1(G)). The fuzzy subset 0 is the zero element
of (u(G),o) (that is, go0 =00 =0 and 0< 4 for
every u € (u(G)). Moreover, ug =1 and p, = 0.

2.1. Lemma (cf. [23]).
Let G be an AG -groupoid and g a fuzzy subset of

G . Then y is a fuzzy bi-ideal of G if and only if
M, 1s a fuzzy bi-ideal of G .

Let G be an AG -groupoid and g a fuzzy subset of
G . Then for every ¢ € (0,1] the set

U(u;t) ={x|xe G and u(x) >t}
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is called a level set of u with support x and value
t

2.2. Theorem (cf. [23]).
Let G be an AG -groupoid and x a fuzzy subset of

G . Then y is a fuzzy bi-ideal of G if and only if
U(u;t)(# @) is a bi-ideal of G for every ¢ € (0,1] .

2.3. Theorem (cf. [24]).
Let G be an AG -groupoid and g a fuzzy subset of

G . Then y is a fuzzy interior ideal of G if and only
if U(u;t)(#¢) is an interior ideal of G for every
te(0,1].
Let 1 be a fuzzy subset of G, then the set of the
form
t(#0) ify=x,

otherwise,

u(y) = {0

is called a fuzzy point with support x and value ¢
and is denoted by [x;7]. A fuzzy point [x;7] is said
to belong to (resp. quasi-coincidence) with a fuzzy
set u , written as [x;z]e p (resp. [x;tlgu ) if
Hx)=A (resp. pu(x)+A>1 ). If [x;t]lepu or
[x;t]gu , then we write [x;¢]evqu . The symbol

€vg means € vq does not hold.

2.4. Definition

A fuzzy subset x4 of G is called an ( ;,;vg )-fuzzy
bi-ideal of G if it satisfies the following conditions:
(C1)

(Vx,y € G)(Vs,t € (0,1])([xy;s A t];y = [x;s];v;]y
or [y;tlev qu),

(C2)

(Vx,a,y € G)(Vs,t €(0,1])([(xa)y;s A t];y =[x s]; v Z]y
or [yitlev qu).

2.5. Example

Consider G ={a,b,c,d,e} with the following
multiplication table:

MR ENES
ol |
S ENENENES

QUIO [T R

QI

QIS

cl|d

e

Q

Then (G,-) is an AG -groupoid. Define a fuzzy
subset u# : G —[0,1] as follows:
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0.8 ifx=aq,
p(x)= .
0.6 ifxe{b,c,d,e}.
Then by Definition 2.4, g is an (;,;v;) -fuzzy bi-
ideal of G .
2.6. Theorem

If u is a fuzzy subset of G, then u is an (g,;v;])-
fuzzy bi-ideal of G if and only if
(C3) (Vx,y € G)(u(xy) v 0.5 p(x) A 1(y)),
(CA)(Vx,a,y € G)(u((xa)y) v 0.5 2 u(x) A 1(y)).
Proof (C1) = (C3) . If there exist x,y € G such that
p(xp)v 0.5 <t = p(x) A p(y),
then 0.5<¢< 1,[xy;t];y but [x;¢t]e ¢ and [y;t] e p.
By (Cl) , we have [x;t]ay or [ y;t]ay. Then
(u(x)=2t and ¢+u(x)<1) or ( u(y)=t and
t+u(y)<1l ), which implies that ¢#<0.5, a

contradiction.
(C3)=(Cl). Let x,ye G and s,t€(0,1] be such

that [xy;s Atlep, then p(xy) <sat.

(@) If u(xy) 2 p(x) A u(y), then u(x) A pu(y) <snt,
and consequently, u(x)<s or u(y)<t. It follows

that [x;s]gy or [y;t];y. Thus [x;s]gv:]y or

[yitlev qu.
(b) If u(xy) < p(x) A u(y), then by (C3), we have

0.5> p(x) A u(y). Let [x;slen or [y;tleu, then

s<u(x)<0.5 or < u(y)<0.5. It follows [x;s]qu
or [y;tlqu, and [x;slev qu or [yirlev qu.

(C2) = (C4). If there exist x,a,ye G such that
H({(xa)y)v 0.5 <t = pu(x)Auy), then
05<t< 1,[(xa)y;t]é,u but [x;¢]e 4 and [y;t]e p.
By (C2), we have [x;t]gy or [y; t]gy. Then
( p(x)=2t and t+pu(x)<l) or ( w(y)=t and
t+u(y)<1l ), which implies that ¢<0.5, a

contradiction.
(C4)= (C2). Let x,a,ye G and r,t €(0,1] be such

that [(xa)y;r A t];y, then p((xa)y)<rnt.

@  If  uxa)y) = ux)Au),  then
H(x)Au(y)<rnat, and consequently, u(x)<r or

u(y)<t. It follows that [x;r];y or [y;t]gy. Thus

[x;rlevqu or [y;flev qu.
(b) If p((xa)y) < u(x) A u(y), then by (C4), we have

0.52 pu(x) A u(y). Let [x;r];y or [y;t];y, then
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r<u(x)<0.5 or ¢ < u(y)<0.5. It follows [x; r];]y
or [y;tlqu, and [x;rlev qu or [y;rlev qu.

2.7. Definition

A fuzzy subset y of G is called an (€,ev q )-fuzzy

interior ideal of G if it satisfies the following
conditions:

(D

(Vx, y € G)(Vs,t € (0,1])([xy;5 A t]er = [x;5]ev qu
or [y;1lev qu),

(12)

(Vx,a,y € G)(Vs € (0,1])([(xa)y;slen = [as]e v gu.

2.8. Theorem
If u is a fuzzy subset of G, then u is an (g,;v;]) -
fuzzy interior ideal of G if and only if
(13) (Vx,y € GY ) v 0.5 > u(x) A u(y)),
(I4)(Vx,a,y € G)(u((xa)y)v 0.5 2 ().
Proof (/2) = (/4) . If there exist x,a,y € G such
that u((xa)y)v 0.5 <t = u(a),

then 0.5<¢<1,[(xa)y;t]eu but [a;r]e u. By (12),

we have [a;t]ay. Then (u(a)>t and ¢+ p(a) <1)
which implies that # <0.5, a contradiction.
(I4)=>(2). Let x,a,ye G and r €(0,1] be such

that [(xa) y;r];y, then p((xa)y)<r.

(a If w((xa)y)=u(a), then wu(a)<r, and
consequently, u(a)<r. It follows that [a;r];y. Thus
[a;r];v;]y.

(b) If u((xa)y)< p(a), then by (/4) , we have

0.5> u(a). Let [a;rlen, then r< u(a)<0.5. It

follows [a;r]:]y, so [a; r];v :]y. The remaining
proof follows from Theorem 2.6.
2.9. Definition

A fuzzy subset u of G is called an ( E,EVE )-fuzzy
left (resp. right) ideal of G if it satisfies the
following conditions:
(Vx,y € G)(Vs € (0,1])([xy;slep = [yv;slev qu
(resp. [x;s];v 5/1).
2.10. Theorem
If u is a fuzzy subset of G, then u is an (g,;v;])—
Sfuzzy left (resp. right) ideal of G if and only if

(Vx, € G)(u((xp) v 0.5 2 u(y)(resp. p(x))).
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Proof. Suppose that x is an (é,év&) -fuzzy left
ideal. If there exist x,yeG such that

H(xy)v0.5<t=pu(y), then 0.5<t<1[xy;t]len but
[y;t] € u. By Definition 2.9, we have [a;t]ay. Then
( m(a)=t and t+ u(a)<1) which implies that
t<0.5, a contradiction. Let x,y e G and s € (0,1]

be such that [xy;s];y, then u(xy) <s.
(a) If u(xy)= pu(y), then u(y)<s. It follows that

[v;sleu. Thus [y;s]e v gu.
(b) If u(xy)< u(y), then by hypothesis, we have

0.5> u(y). Let [y;s]leu, then s< pu(y)<0.5. It
follows [ y;s];]y, so [ y;a]; vay. By similar way the
case for right ideal can be proved.

3. (e vqs)-fuzzy bi-ideals of 4G -groupoids

€y
Ma et al. [27] investigated new types of
fuzzy ideals called (e,,€, vqs) -fuzzy (positive

implicative, implicative and commutative) ideals and

(ey,€7vqs)  -fuzzy (positive implicative,
implicative and commutative) ideals of BCI -
algebras and provided the classification of BCI -
algebras in terms of these types of fuzzy ideals. The
concept of general forms of a fuzzy interior ideal in
an AG -groupoid was studied in [24]. Generalizing
the concepts of [23,24], here we extend our studies to
more general forms of fuzzy bi-deals, fuzzy left
(right) ideals and fuzzy interior ideals in AG -
groupoids. In this section, some new types of fuzzy
bi-ideals called («,f) -fuzzy bi-ideals of G are
introduced and investigate some new types of
characterization of 4G -groupoids.

In what follows, let y,6 €[0,1] be such that y <¢.
For a fuzzy point [x;s] and a fuzzy subset x of X,
we say that

(D) [xrle, p if pu(x)zr>y.

2) [x;rlgsp if p(x)+r>20.

() [xrle, vgsu if [x;r]le, p or [xrlgsu.

@) [xrle, nqsu if [x;r]e, p and [x;r]qspu.

5) [xrlep if [x;rlapg  does not hold for

a€le,.qs5.€, Vq5,€, NG5}

3.1. Definition

A fuzzy subset x4 of G is called an (e, f) -fuzzy
AG -subgroupoid of G if it satisfies the conditions:
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(Vx,y € G)(Vs,t € (y,1])

(Lx; sl [ tlap — [xys s At] o).
Note that «a,Bele,.q5.€, vqs5.€, Aqs} and

a#€, Aqs. The case a=€, Aq; Is omitted.

Because for a fuzzy subset g such that y(x)<6

for any xe G. In the case [x;t]e, Agsu we have
y(x)Zt and y(x)+t>25.
y(x)+y(x) > y(x) +t>20 which implies that

Therefore

2y(x) >20. Thus y(x) >0, a contradiction. This
means that {[x; f][x;t] e, /\qﬁ,u} =g.

3.2. Theorem

A fuzzy subset y of G is an (e vgys) -fuzzy

7’67

AG -subgroupoid of G if and only if
(Vx,y € G) (7,6 €[0,1])(u(xp) v ¥ = pu(x) A pi(y) A 5).

Proof. Assume that g is an (e vgs) -fuzzy

7€y
AG -subgroupoid of G . If there exist x,y € G such
that u(xy)vy < u(x)Au(y)ynd. Choose te(y,1]
such that wu(xy)vy<t<u(x)Aupu(y)yano. Then
[x;t]e, 4 and [yjt]e, 4 but u(xy)<t and
[xy;tle, vasu a
contradiction. Hence u(xy)vy > pu(x)A pu(y)Ad for
all x,yeG and 5,6 €[0,1].

Conversely, assume that u(xy)v y 2 p(x) A u(y) A S

H(xy)+1 <2t <20, S0

for all x,yeG and y,6€[0,1]. Let [x;s]e, 4 and
[yitle, pu for some s,te(y,1], then u(x)zs>y
and u(y)>t>y and by hypothesis,
UEY)Vy 2 p(X) A u(y) A O
X UNIN
sAtifsant<o
={5 if5<snt

That is u(xy)vy=snat, but sant>y therefore
u(xy)zsnt>y and hence [xy;sat]e, u or
“(xy)vy=20d but y <6, therefore u(xy)=>9, thus
HOY)+sAtZ0+sAt>26 that is [xy;sAatlgsu
hence [xy;sat]e, vgsu . Consequently x4 is an
(€,.€, vqs)-fuzzy AG -subgroupoid of G .

3.3. Definition

A fuzzy subset ¢ of G is called an (&, f) -fuzzy bi-
ideal of G if it satisfies the conditions:
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(1) (Vx,y € G)(Vs,t €(y,1])
([x; sloe, [ x; tlap — [xy; s At]Bu
(2 )(Vx,a,yeG)(Vs,IE(%l])
(Lxs slap[ystlop — [((xa) y;s At]fu
3.4. Example
Let G be an AG -groupoid as shown in Example

2.5. Then {a},{a,c,d,e} and G are bi-ideals of G .
Define a fuzzy subset x : S —[0,1] as follows:

0.8 ifx=aq,

0.6 ifx=5,

,u(x)z 0.2 ifx=c,

03 ifx=d,

04 ifx=e.
Then u isan (€y,,€y, Vq,,)-fuzzy bi-ideal of G .

3.5. Theorem
Let x4 be a fuzzy subset of G. Then the following

conditions are equivalent:

(1) u isan (g,,€, vqs)-fuzzy bi-ideal of G .
(2) u satisfies the conditions:

(2.1)(Vx,y € G)(Vy,5 €[0,1])

() 7 2 p(x) A () AS)

(2.2)(Vx,a,y € G)(V7y,6 €[0,1))

(1(xa)y) vy 2 p(x) A (V) A S)
Proof Let u be an (g,,€, vg;) -fuzzy bi-ideal of
G and consider (u(xy)vy < u(x)Au(y)nd) for
y,0€[0,1] then
(u(xy)vy <t < ulx)Apu(y)aod) for some t € (y,1].
From this we observe that [x;z] €, U and [y;¢] €, U

some x,yeG and

but  u(xy)<t and  pu(xy)+r<2t<28, so
[xy; t]ﬁy a contradiction. Hence
vy z ux)Au(y)and for all x,yeG and
7,0 €[0,1] . Next, u((xa)y)vy<u(x)Au(y)no
for some x,a,ye G and y,5 €[0,1], then there exist
some te(y,l] such that
U((xa)y)vy <t < u(x)Au(y)~o . This shows that
[x;t]e, 4 and [yit]e, p but wp((xa)y)<t and
p((xa)y)+1<20<28, so [(xa)yiAle, vgsu a
contradiction. Therefore,

u(xa)yy)yvyzux)yau(yyns for all xa,yeG
and y,0 €[0,1].

Conversely; Let u satisfies conditions (2.1) and
(2.2) and consider [x;s]e, u,[yit]e, p for some
x,y€G and s,¢ € (y,1]. Then by (2.1)

70

“QEY)Vy 2 p(X) A u(y) Ao
2SALAD
sAntifsant<o
={5 if5<snt
This shows that [xy;s At] €, vgsu . And by (2.2),
u((xa)y)vy = u(x) A u(y) A6
EXUNIN
sAtifsant<d
:{5 ifS<sat
Follows from Theorem 3.2, [(xa)y;sAt]e, vgsu .
Consequently # isan (e vy ) -fuzzy bi-ideal of

G.
3.6. Proposition
Let 26 =1+y and 4 be a non-empty subset of G .

7’67

Then A4 is an AG -subgroupoid of G if and only if
the fuzzy subset # of G defined as

>0 if x e 4,
u(x)=q .

yifxeG\A4,
isan (a,€, vqs) -fuzzy AG -subgroupoid of G .
Proof The proof follows from [28].

3.7. Theorem
Let ¢ be a fuzzy subset of G. Then the following

conditions are equivalent:

(1) u is an (€,,€, vgs) -fuzzy AG -subgroupoid
of G.

(2) U(u;t)(#¢) is an AG -subgroupoid of G for
all t e (y,0].

Proof Suppose that x is an (e vgs) -fuzzy

r €y
AG -subgroupoid of G and x,y e U(u;¢t) for some
te(y,0] . Then u(x)>¢t and w(y)=t and by
hypothesis
uxy) vy 2 p(x) A p(y) A6

2tAEAD

=t (since t € (y,0)).
Hence pu(xy)>t>y therefore, u(xy)eU(u;t) .
Thus U(u;t) is an AG -subgroupoid of G .
Conversely, assume that U(u;t)(#¢) is an AG -
subgroupoid of G for all e (y,0]. If there exit
x,yeG such that u(xy)vy<ux)Aupu(y)no.
Then wu(xy)vy<t2ux)Au(y)ynd for some
te(y,1]. From this we see that x,y e U(u;t) but
xy & U(u;t), a
vy z ux)Au(y)and for all x,yeG and
7,8 €[0,1].

contradiction. Hence
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The proof of Proposition 3.8, is straightforward and
is omitted.

3.8. Proposition

Let 26 =1+y and 4 be a non-empty subset of G .

Then A4 is a bi-ideal of G if and only if the fuzzy
subset i of G defined as

>0 ifxe A,
“x)y=q

yifxeG\A,
1S an (a,ey vqys) -fuzzy bi-ideal of G .

Proof The proof follows from [28].
3.9. Theorem
Let x be a fuzzy subset of G. Then the following

conditions are equivalent:

(1) u isan (g,,€, vqs)-fuzzy bi-ideal of G .

2) U@t)(=¢) is a bi-ideal of G for all
te(y,0).

Proof. Suppose that x is an (g,,€, vg,) -fuzzy bi-
ideal of G and let x,a,yeG be such that
x,yeU(u;t) for some te(y,0]. Then p(x)=>t

and u(y)=>t and by hypothesis
u((xa)y) vy 2 p(x) A p(y) A 8)

2tALAD
=t (since t € (y,0]).
Hence u((xa)y)=t>y , this shows that

(xa)y e U(u;t) and hence U(u;t)(# ¢) is a bi-ideal
of G forall x,a,ye G and ¢ € (y,d].

Conversely, assume that U(u;¢)(# ¢) is a bi-ideal of
G for all ¢t e (y,08]. If there exist x,a,y € G such
that u((xa)y)v y < u(x) A u(y) Ad). Then choose
te(y,o] such that
H((xa)y)vy <t < u(x)Apu(y)~d). From here we
have x,yeU(ut) but ( xa)yeU(wt), a
contradiction. Hence
u((xa)y)v y = p(x) A u(y) A 6)

for all x,a,yeG and te€(y,0] . The remaining
proof is a consequence of the Theorem 3.7 .
Therefore y is an (e vqs) -fuzzy bi-ideal of

G.

3.10. Lemma

A non-empty subset 4 of G is a bi-ideal if and only
if the characteristic function u, of A is an

7’67

(€,.€, vqs)-fuzzy bi-ideal of G .

Proof The proof is straightforward.
3.11. Definition
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A fuzzy subset u of G is called an (g,,€, vg;)-

Sfuzzy left (resp. right) ideal of G if the following
condition holds:
(Vx,y € S)(Vy,0 €[0,1])

([ystle, u—xyitle, vgsu(resp. [yxit]e, vqsu).

3.12. Theorem
Let 26 =1+y and 4 be a non-empty subset of G .

Then A4 is a left (resp. right) ideal of G if and only
if the fuzzy subset ¢ of G defined as

>0 if x e 4,
px) =y
yifxeG\ A4,
isan (a,€, vq,s) -fuzzy left (resp. right) ideal of G.

Proof To prove this, we consider the following three
cases:
Case 1. Consider 4 is a left ideal of G . Let

x,y€G and t € (y,1] be such that [y;7]e€, x, then
yeAd. Since 4 is a left ideal of G , therefore
xyed that is u(xy)=28. If ¢<0, then
u(xy)zt>y and so [xyt]e, . If £>05, then
H(xy)+t>0+t>26 and hence [xy;t]gsu. Thus
[xy;t]le, vgsp . This shows that x4 is an
(€,,€, vqs) -fuzzy left ideal of G .
Case 2. Let x,yeG and te(y,1] be such that
[v;tlgsu, then y e A. Therefore xy e 4, since A4 is
a left ideal of G that is w(xy)=0. If <0, then
u(xy)zt>y and so [xyt]e, . If £>05, then
H(xy)+t>0+t>26 and hence [xy;t]gsu. Thus
[xy;t]le, vgsp . This shows that x4 is an
(95.€, vqs)-fuzzy left ideal of G .
Case 3. Let x,yeG and te(y,1] be such that
[yitle, vgsu, follows from Case 1 and Case 2.
3.13. Proposition
Every (e,,e,) -fuzzy bi-ideal of G is an
(€,.€, vqs)-fuzzy bi-ideal of G .

Proof It is straightforward, since for [x;t]e, u we
have [x;t]€, vgsu forall xe G and 7 € (y,1].

The converse of Proposition 3.13, is not true in
general, as shown in the following example:

3.14. Example

Consider an AG -groupoid G and a fuzzy subset u

as defined in Example 2.5, then x4 1is an

(€0.1-€01 V402 ) -fuzzy bi-ideal of G but x isnot an
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(€01-€01) -fuzzy bi-ideal of G , since
[d;0.28] €y, 1 [e;0.38] €4, # and  but
[(dc)e;0.28 A 0.38]=]c; 0.28]&0,1;1.

3.15. Remark

A fuzzy subset u4 of an AG -groupoid G is an
(€,,€, vq;s) -fuzzy bi-ideal of G if and only if it
satisfies conditions (2.1), and (2.2) of Theorem 3.5.
3.16. Remark

Every fuzzy bi-ideal of an AG -groupoid G is an
(€,.€, vqs) -fuzzy bi-ideal of G . However, the
converse is not true in general.

3.17. Example

Consider the 4G -groupoid as given in Example 2.5,
and define a fuzzy subset x as follows:

w(a)=0.8, u®)=0.6, u(c)=02, u(d)=0.3, u(e)=0.4.

Then u is an (€ ,,€y, Vqy,) -fuzzy bi-ideal of G .

However,
1) u is not an (€, ,4,,) -fuzzy bi-ideal of G, since

[d;0.18] €, , ¢ and [e;0.20] €, , u but

[(dc)e;0.18 A0.20] = [c;0.18]:10_2y

il) ¢ isnot an (q,,,<, ) -fuzzy bi-ideal of G, since
[c;0.28] €, ¢ and [d;0.38] ,, u but

[(cd);0.28 A0.38] = [c;0.28];01ﬂ

iii) p is not an (€, vgy,,9p,) -fuzzy bi-ideal of
G , since [60.18] €y Vgy 1t and
[d;0.28] ;| vgy,4 but

[(ec);0.18 A 0.20] = [c;0.18]50_2/1

Thus x is not an (e«, B )-fuzzy bi-ideal of G, for
every @, 3 € {€,1,902-€0.1 V9o.2}-

3.18. Proposition

If {4,},., is a family of (e vy ) -fuzzy bi-ideals

7€y

of an AG -groupoid G , then Wf is an
iel

(€,.€, vqs)-fuzzy bi-ideal of G .

Proof. Let {u,},.;

bi-ideals of G . Let x,y € G . Then

be a family of (e vgs)-fuzzy

7’67
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[ﬂuf](xy) vy = AV Y2 A A () AS)

iel iel iel

= [/\(M— () AN A (Y) A 5)]

iel iel
=[WfJ(x)A[ﬂuf](y)A5.
iel iel

Let x,a,y € G . Then

[ﬂu[]((xa)y) vy = at(Ga)) vy = A () A7) AS)

iel iel iel

= [/\(M (DA A A (V) A 5)]

iel iel
=[Wf](x)A[ﬂyf](y)A5.
iel iel

Thus Wl' isan (€,,€, vqs)-fuzzy bi-ideal of G .
iel
3.19. Lemma

The intersection of any family (e vgys) -fuzzy

€y
left (resp. right) ideals of an AG -groupoid G is an
(€,.€, vqs) -fuzzy left (resp. right) ideal of G .

Proof. We consider the case for a left ideal. The case
for a right ideal can be proved similarly. Let {z;},_,

be a family of (€,,€, vq;)-fuzzy left ideals of G

and x,y e G . Then (/\yl}(xy) = A(#;(xy)). Since
iel iel
cach y; isan (€,,€, vyq,)-fuzzy left ideal of G, we

have p,(xy)vy = p;(y)~d forall i el. Thus

[/\ﬂ,-](xy) vr= Al vy)

iel iel
> A1) 19)

iel

= [/\M—(J’)] NG

iel

=[/\M—](J’)/\5~

iel



Researcher2021;13(6)

http://www.sciencepub.net/researcherks:;l

Hence A, is an (€

iel

vgs) -fuzzy left ideal of

7’67

G.
3.20. Lemma

The union of any family (e vgs) -fuzzy left

€y
(resp. right) ideals of an AG -groupoid G is an
(€,.€, vqs) -fuzzy left (resp. right) ideal of G .

4. (e vqs)-fuzzy interior ideals

7€y

In this section, some new types of fuzzy
interior ideals of AG -groupoids are introduced. An
important milestone of this section is to provide a
connection between ordinary interior ideals and fuzzy

interior ideals of type (€,,€, vgs) of AG -

groupoids.
4.1. Definition
A fuzzy subset x4 of an AG -groupoid G is called

an (€,,€, vqs) fuzzy interior ideal of G if it

satisfies the following conditions:
(ID(Vx,y € G)(Vs,t € (7,1])
([x;s]e, mlyitle, u—[xy;is ntl€, vasp),
(I2)(Vx,a,y € G)(Vs,t € (7,1])
([a;s]e, u—>[(xa)y;s atle, vasp).
4.2. Theorem
Let 26 =1+y and 4 be a non-empty subset of G .

Then A4 is an interior ideal of G if and only if the
fuzzy subset i of G defined as

) >6 if x e 4,

X) =

H yifxeG\4,

isan (a,€, vq,s) -fuzzy interior ideal of G .

Proof. We consider the following three cases:

Case 1: Consider 4 is an interior ideal of G . Let
x,a,ye€G and [a;t]€, u for some 7€ (y,1], then
ae A. Since A is an interior ideal of G, therefore
xaye A that is u(xay)206. If t<0, then

u(xay)zt and so [xay;t]e, pu. 1f t>0, then
H(xay)+t>J5+t>26 and hence [xay;t]gsu. Thus
[xay;t]e, vgsu . This shows that x4 is an
(€,.€, vqs)-fuzzy interior ideal of G .

Case 2: Let x,a,yeG and fe(y,1] such that
[a;t]lgsu, then ae A. Since A4 is an interior ideal of
G , therefore xay € A hence u(xay)=96. If t <0,
then p(xay)>1¢ and so [xayit]e, u. If ¢>5, then
H(xay)+t>J5+t>26 and hence [xay;t]gsu. Thus
[xay;t]e, vgsu . This shows that x is an
(95.€, vqs)-fuzzy left ideal of G .
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Case 3. Let x,a,ye G and € (y,1] be such that
la;t]e, vgsu, follows from Case 1 and Case 2. The

remaining proof follows directly from Proposition
3.8.

4.3. Lemma

A non-empty subset 4 of G is an interior ideal if
and only if the characteristic function g, of 4 is an
(€,.€, vqs)-fuzzy interior ideal of G .

Proof The proof follows from Lemma 3.10.

4.4. Theorem

Suppose that g is a fuzzy subset of G . Then the

following conditions are equivalent:

(1) u is an (¢,,€, vqs) -fuzzy interior ideal of
G.

(2) u satisfies the conditions:

(2.1)(Vx,y € G)(Vy,5 €[0,1])

() 7 2 u(X) A () AS)

(2.2)(Vx,a,y € G)(Vy,6 €[0,1))

(u((xa)y) vy 2 u(a) A 9)

Proof. Let 4 be an (g,,€, vg;) -fuzzy interior
ideal of G . Suppose that
() vy <pu(x)Au(y)~no) for some x,yeG
and 7,0 €[0,1] , then

(uxy)vy <t < u(x)A pu(y)nod) for some t € (y,1].
From this we observe that [x;z] €, U and [y;¢] €, U

but  u(xy)<t and  pu(xy)+r<2t<28, so

[xy; t]ﬁy a contradiction. Hence
vy z ux)Au(y)and for all x,yeG and
7,0 €[0,1]. Next, u((xa)y)vy < u(a) Ao for some
x,a,ye G and 7,6 €[0,1], then there exist some
t € (y,1] such that u((xa)y)vy <t< u(a)~o. This

shows that [a;f]e, u but u((xa)y)<t and

U((xa)y)+1<2t<26, so [(xa)y;tle, vgspu a
contradiction. This implies p((xa)y)vy = u(a)Ad
forall x,a,y e G and 5,6 €[0,1].
Conversely; let u satisfies conditions (2.1) and
(2.2) and consider [x;s]e, u,[yit]e, p for some
x,yeG and s,t €(y,1]. Then by (2.1)
HY)V y 2 p(X) A p(y) A O
X UNIN

sSAtifsant<d
{5 ifo<sat
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This shows that [xy;sAt]e, vgsu . Next we let
x,a,y € G suchthat [a;s]€, 4 and by (2.2)
u((xa)y)vy = u(a)néd
X IN
sifs<o

B {5 ifo<s
From this we can say that [(xa)y;s]e, vgsu .
Consequently g is an (e

ideal of G .
4.5. Theorem
Let ¢ be a fuzzy subset of G. Then the following

,+€, Vq;s) -fuzzy interior

conditions are equivalent:

(1) u is an (¢,,€, vqs) -fuzzy interior ideal of
G.

(2) U(t)(#¢) is an interior ideal of G for all

te(y,o].

Proof. Suppose that 4 is an (e vgs) -fuzzy

r Sy
interior ideal of G and let x,a,y € G be such that

aeU(u;t) for some te(y,0]. Then u(a)>t and

by hypothesis
u((xa)y)v y = u(a) AS)
YN
=t (since f € (y,0]).
Hence u((xa)y)=t>y , this shows that

(xa)y e U(u;t) and hence U(w;t)(=¢) is an
interior of G for all x,a,ye G and t € (y,9].
Conversely, assume that U(;¢)(# ¢) is an interior of
G for all te(y,0]. If there exist x,a,y € G such
that u((xa)y)v y < u(a) A o). Then choose ¢ € (y,5]
such that y((xa)y)v y <t < u(a) A d). From here we
have aeU(u;t) but ( xa)yeU(ut), a
contradiction. Hence u((xa)y)vy = u(a)nd) for
all x,a,ye G and t € (y,0]. The remaining proof is
a consequence of the Theorem 3.9 . Therefore y is

an (e vy ) -fuzzy interior ideal of G .

7€y
4.6. Proposition
Every (g,,€,) -fuzzy interior ideal of G is an

(€,.€, vqs)-fuzzy interior ideal of G .

Proof Follows from Proposition 3.13.
4.7. Remark
A fuzzy subset u4 of an AG -groupoid G is an

(€,.€, vqs) -fuzzy interior ideal of G if and only if

it satisfies conditions (2.1), and (2.2) of Theorem
4.4.
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4.8. Proposition
Every (€, vg;.€, vq;) -fuzzy interior ideal of G is

an (e vy ) -fuzzy interior ideal of G .

€y
Proof The proof is straightforward and is omitted
here.

Note that, every (e vgys)-fuzzy ideal of G is an

7€y
(€,.€, vqs) -fuzzy interior ideal. Similarly, every

(€,,€, vq;s)-fuzzy bi-ideal is an (e vgys) -fuzzy

r €y
generalized bi-ideal of G . In the following
propositions, we provide the conditions under which
the converses of the above statements are true.

4.9. Proposition
If G is an intra-regular AG -groupoid, then every
(€,.€, vqs) -fuzzy interior ideal is an (€,,€, vgys)-
fuzzy ideal of G .

Proof Let x be an (e vy ) -fuzzy interior ideal

7€y
of G. Let a,beG . Since G is an intra-regular,

there exist x,y € G such that a = (xaz) y. Thus,
u(ab)v y = u(((xa*)y)b) v y
= u((by)(xa®))v y
= u((by)(x(aa))) v ¥
= u((byXa(xa)) v y
= u((by)a(xa) v y
> u(a)nod.

Similarly, we can show that u(ab)vy > u(b)Aod

and hence, x4 isan (e vgys)-fuzzy ideal of G .

€y
4.10. Proposition

If G is an intra-regular AG -groupoid, then every
(€,,€, vqs) -fuzzy generalized bi-ideal is an
(€,.€, vqs)-fuzzy bi-ideal of G .

Proof Let x4 be an (e vgqys) -fuzzy generalized

7Sy
bi-ideal of G . Let a,be G . Since G is intra-

regular, there exist x,y € G such that a= (xaz) ».
Thus,
u(ab)v y = u((xa®)y)b) v y = u((xa* )ey)b) v y
= u(((ye) @ x)b) v y = u((a” (ye)x)b) v ¥
= u(((aa)((ye)x)b)v y = u(x(ye))(aa)b) v y
= u((a((x(ye)a)b) v y = u(a) A u(b) A 5.

Thus, g is an (e vgs)-fuzzy AG -subgroupoid

€y
of G and consequently, x is an (e
bi-ideal of G .

€, Vq5)-fuzzy
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In Propositions 4.9 and 4.10, if we take G as regular,
then the concepts of (€,,€, vq;) -fuzzy ideals,
(€,.€, vqs) -fuzzy interior ideals, (€,,€, vg;) -

fuzzy generalized bi-ideals and (e vgs) -fuzzy

7Sy
bi-ideals coincide.

S. (;7,;7 % Z] 5) -fuzzy bi- (interior) ideals
In this section, we define (;}/,;}/ \/215) -

fuzzy bi-ideals, (ey,€, v g5) -fuzzy interior ideals of
AG -groupoids and investigate some important
properties of AG -groupoids based on these new
types of fuzzy bi-ideals and fuzzy interior ideals. It is
important to note that level subsets are used to link
ordinary ideals and fuzzy ideals of type

(;7,;7 \/55). If 4 is a fuzzy subset of G and
J={t|te(0,1] and U(y;t) is level subset of u ,
then 4 will be fuzzy bi-ideal (resp. an interior
ideals)? depends on level subset whether it is empty
or bi-ideal (resp. interior ideal)? Further, if u is a
fuzzy subset and J ={t|¢<€(0,1] and U(x;¢) is an
empty set or a bi-ideal (resp. interior ideal) of G},
then we consider the following questions:

(a) if J =(0,1], what type of fuzzy bi-ideals (fuzzy
interior ideal) of G will u be ?

(b) if J =(y,0], (,0€<(0,1]), will u be a kind of
fuzzy bi-ideal (resp. fuzzy interior ideal) of G or
not?

In the following, we give the answers to these
questions.

5.1. Definition .
A fuzzy subset 1 of G is called an (£, ) -fuzzy bi-

ideal of G if it satisfies the following conditions:
(Vx,y € G)(Vs,t € (7,1])

(B5) — — or ﬁt;@ﬂ}
(s s At]Bu — [x;s]au

(B6) (Vx,a,yeG)(Vs,te(y,l]_) or ﬁt%

([(xa)y;s At — [x;s]au

5.2. Theorem
If p is a fuzzy subset of G, then the following

conditions are equivalent:
(1) M isan (€y,€y Vv q5) -fuzzy bi-ideal of G .
(2) u satisfies the following conditions:
(D) (Vx,y € G)(u(xy) v 6 2 pu(x) A (),
(i) (Vx,a,z € G)(u((xa)z) v 6 = p(x) A p(z)).
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Proof. Let x4 be an (;}/,;}/ \/215) -fuzzy bi-ideal of
G . If there exist x,yeG such that
u(xy)v 6 < p(x) A p(y) ; then
Hxy)v O <t < u(x)Apu(y) for some te(y,1], we
see that [xy;t]gyy but [x;t]€, 1 and [y;t]e, u, a
contradiction and hence u(xy)v o = u(x) A u(y) for
all x,yeG . Next we suppose that there exist
a,b,ce G such that u((ab)c)v o< u(a)n ulc) ,
then  u((ab)c)vo<s<u(a)Au(c) for some
s e(y,1], shows that [(ab)c;t];yy but [a;t]e, u
and [c;f]e, 4, a contradiction, therefore
H((xa)z)v &= u(x) A u(z) forall x,a,ze G .

Conversely; suppose u satisfies conditions (i) and
(i7). On the contrary assume that for x,yeG ,

[xy;S/\t]gyy such that [x;s];y vaﬁy and

[y; t];}, v :15;1. Hence
H(xy) <sat,u(x) 2 s, u(x)+s>20, u(y) >t and
“y)+t>20 We claim that u(x)>06 and
#(y)>0. This is because, if u(x)<o and
H(y) <9, then s< u(x)<o implies that s<& ,
similarly ¢#<6. Thus u(x)+s<d+s<0+0=20
which leads to [x;s]ZI(,«/J. Hence [x;s];y \/215/1 , a
contradiction to our assumption. Therefore u(x)>J
and u(y)>d. Hence
ux)Ap(y)>(sA)vo
> u(xy)vo.
Thus, a contradiction to (¢). This is due to our wrong
supposition. Therefore for x,ye G such that
[xy;s A t];}/ﬂ then it implies that [x;s];y \/215/1 or

[y;t];y v:](;y. Similarly, for x,a,yeG ,

[(xa)y;s A t];yﬂ such that [x;s];y \/55/1 and

[y;tley v :]5,U- Therefore

H((xa)y)<sat,u(x)=s, u(x)+s>20,u(y)>t

and u(y)+t>26 . We claim that u(x)>o and
#(y)>0. This is because, if u(x)<o and
H(y) <9, then s< u(x)<o implies that s<& ,
similarly #<6. Hence u(x)+s<d+s<0+0=20
implies that [x;s];](;y. Hence [x;s];y VL_]()«/J , a
contradiction. Therefore u(x)>d and u(y)>9.
Hence
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u@x) A u(y)>(srt)ve
> p((xa)y) v o.
Thus, a contradiction to (if). Therefore for x,y e G

such that [(xa)y;S/\t];yy then it implies that
[x;s];y \/215/1 or [y;t];}/ \/;]5/1. Hence, x is an

(€., v q5) -fuzzy bi-ideal of G .

5.3. Definition
A fuzzy subset p of G is called an (f,a) -fuzzy

interior ideal of G if it satisfies the following
conditions:
(Vx,y € G)(Vs,t €(7,1])

([xy;s A t]zﬂ - [x;s]ay
(Vx,a,y € G)(Vs € (y,1])

([(xa)y;s1Bu — [a;s]ap).

or [y:flaw),

5.4. Theorem
If p is a fuzzy subset of G, then the following

conditions are equivalent:

(1) u is an (;}/,;}/ Vv ;] 5) -fuzzy interior ideal of
G.

(2) u satisfies the following conditions:

(1) (Vx,y € G)(u(xy) v 6 2 p(x) A p(y)),

(i) (Vx,a,z € G)(u((xa)z) v 6 2 u(a)).

Proof It is an immediate consequence of Theorem
5.2.

5.5. Lemma
If u is a fuzzy subset of G, then the following are

equivalent:

(1) U(w;t) is abi-ideal of G for all ¢ € (0,1].

(2) up isan (;}/,;}/ \/;]5) -fuzzy bi-ideal.

Proof. Assume that U(u;t) is a bi-ideal of G for all
te(o,1] . If there exist x,yeG such that
uxy)vo<u(x)au(y)=t, then 1e(5,1]
x,yeU(u;ty). But pu(xy)<t, implies xy ¢ U(u;t,),
a contradiction. Hence wu(xy)v 2> u(x)A u(y) for
all x,yeG .
If there exist
H()2)V S < u(x) A pu(z) =1, then 1, e(S,1]
x,zeU(ut,) . But  u((xy)z)<t, implies
(x»)z e U(u3t,), a
1(x)z2)vo = u(x)Au(z) forall x,y,zeG.

x,y,z€G such that

contradiction. Hence

Conversely, suppose that for x,yeU(u;t), by
Theorem 5.2 we get
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H(xXY)V S 2 p(x) A p(y) 2 2,
and so wu(xy)=>t. It follows that xyeU(u;t). Let
x,zeU(u;t), then wu(x)>¢t and wu(z)>t. By
Theorem 5.2, we get
u((xp)z)v 6 2 p(x) A u(z) 2 1,
and so u((xy)z)>t. It follows that (xy)z e U(u;t).
Thus U (u;t) is a bi-ideal of G for all ¢ € (9,1].

5.6. Lemma
If p is a fuzzy subset of G, then the following are

equivalent:

(1) U(w;t) is an interior ideal of G for all
te(0,1].

(2) M isan (;}/,;}/ \/Z]o«)-fuzzyinterior ideal.

Proof This follows directly from Lemma 5.5.
Next we discuss fuzzy bi-ideals with thresholds and
fuzzy interior ideals with thresholds.

5.7. Definition

Let ,6 €(0,1] and y <&, then a fuzzy subset y of
G is called a fuzzy bi-ideal with thresholds (y,0] of
G if it satisfies the following conditions:

(1) (Vx,y € G)u(xy) vy 2 u(x) A u(y) A S)
(2)(Vx,y,zeG )

( p((xp)2) vy 2 p(x) A p(z) A 5).

5.8. Theorem
A fuzzy subset 4 of G is a fuzzy bi-ideal with

thresholds (y,d] of G if and only if U(y;t)(# @) is
a bi-ideal of G forall y <t < 6.

5.9. Definition

Let ,6 €(0,1] and y <&, then a fuzzy subset y of
G is called a fuzzy interior ideal with thresholds
(y,0] of G ifit satisfies the following conditions:

(1) (Vx,y € GYu(xy) vy = u(x) A i(y) A 5),
(2) (Vx,p,2€ G)( u((xp)2) vy 2 pu(a) A9).

5.10. Theorem
A fuzzy subset 4 of G is a fuzzy interior ideal with

thresholds (y,d] of G if and only if U(y;t)(# @) is
an interior ideal of G for all y <¢< 6.

6. Conclusion

In science and technology, the use of algebraic
structures play an unavoidable role. For instance,
semigroups are basic structures in computer science,
control engineering etc. Ordered semigroups are used
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in fuzzy automata, formal languages, coding theory
etc. AG -groupoids are used in Flocks (Physics,
Biology) theory. Due to these diverse applications,
algebraic structures especially AG -groupoids and
related structures are presently a central focus for the
researchers. In this paper, we studied generalized
fuzzy bi-ideals (resp. ideals and interior ideals) and
provided different characterization theorems of AG -

groupoids in terms (€,,€, vqs)-fuzzy bi- (interior)

ideals and (;}/,;}/ \/Z] 5) -fuzzy bi- (interior) ideals.
Characteristic function and level subset of x are
used to show the connection between ordinary bi-
ideals (resp. interior ideals) and fuzzy bi-ideals (resp.
fuzzy interior interior deals) of type (€,,€, vqs). In
particular, if J={t|re(0,1] and U(u;t) is an
empty set or a bi-ideal (resp. an ideal or an interior
ideal) of G }, we discussed what kind of fuzzy bi-

ideals (resp. fuzzy ideals or fuzzy interior ideals) of
G will u be.
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