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Abstract: Convergence of random variables (sometimes called stochastic convergence) is where a set of numbers
settle on a particular number. It works the same way as convergence anywhere else; For example, cars on a 5-line
highway might converge to one specific lane if there’s an accident closing down four of the other lanes. In the same
way, a sequence of numbers (which could represent cars or anything else) can converge (mathematically, this time) on
a single, specific number. Certain processes, distributions and events can result in convergence— which basically
mean the values will get closer and closer together. When Random variables converge on a single number, they may
not settle exactly that number, but they come very, very close. In notation, x (xn — x) tells us that a sequence of
random variables (xn) converges to the value x.
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Introduction 31]). Convergence of means/averages and standard
Statistics is concerned with the collection and deviations have been studied by many authors and
analysis of data and with making estimations and applied to different problems (cf. [1-4, 17, 19, 20,
predictions from the data. Typically two branches of 24-28, 35]). Convergence of statistical characteristics
statistics are discerned: descriptive and inferential. such as the average/mean and standard deviation are
Inferential statistics is usually used for two tasks: to related to statistical convergence as we show in this
estimate properties of a population given sample section.
characteristics and to predict properties of a system Let m and c be the spaces of all bounded and
given its past and current properties. To do this, convergent real sequences x = (xk) normed by x = supn
specific statistical constructions were invented. The |xn|, respectively. Let B be the class of (necessarily
most popular and useful of them are the average or continuous) linear functionals B on m which are
mean (or more exactly, arithmetic mean) m and nonnegative and regular, that is, if x > 0, (i.e., xk > 0 for
standard deviation s (variance s 2). To make allk € N:== {1, 2,...}) then B(x) >0, and B(x) = limk xk,
predictions for future, statistics accumulates data for for each x € c. If B has the additional property that
some period of time. To know about the whole B(o(x)) = PB(x) for all x € m, where o is the left shift
population, samples are used. Normally such operator, defined by o(x1, x2,...)=(x2, x3,...) then B is
inferences (for future or for population) are based on called a Banach limit. The existence of Banach limits
some assumptions on limit processes and their has been shown by Banach [2,17,19], and another
convergence. Iterative processes are used widely in proof may be found in [3]. It is well known [21] that the
statistics. For instance the empirical approach to space of all almost convergent sequences can be
probability is based on the law (or better to say, represented as the set of all x € m which have the same
conjecture) of big numbers, states that a procedure value under any Banach limit. In the research, we study
repeated again and again, the relative frequency some generalized limits so that the space of all
probability tends to approach the actual probability. bounded statistically convergent sequences can be
The foundation for estimating population parameters represented as the set of all bounded sequences which
and hypothesis testing is formed by the central limit have the same value under any such limit. It is proved
theorem, which tells us how sample means change that the set of such limits and the set of Banach limits
when the sample size grows. In experiments, scientists are distinct but their intersection is not empty.
measure how statistical characteristics (e.g., means or In this section we study a useful characterization
standard deviations) converge (cf., for example, [23, of statistical r-convergence and some more results.
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Theorem 5.5.1. A sequence x = {&} is statistically
r-convergent if and only if every statistically dense
subsequence of it is statistically r-convergent.

Proof. First suppose that st-r-lim & = & Let us

take a statistically dense subsequence y = {ak"}
and assume that it is statistically r-divergent.
Then for any real number &, there is some € > 0
such that
0(B,e) >0

of x

where B, = {k, € N: |akn —&>r+eg}.

As y is a subsequence of x, we have

Ar,s =2 Br,f.

where A, = {k € N: | —§|>1+¢€}.

Consequently, 8(A;;) > 0(B;) >0

as the subsequence y is statistically dense in x.

This contradicts the fact that x is statistically
r-convergent.

Hence y is also statistically r-convergent.

Conversely, suppose that every statistically dense
subsequence of x is statistically r-convergent. Then x is
also statistically r-convergent since x is a statistically
dense subsequence of itself.

This completes the proof of the theorem.

Corollary 5.2.2. A statistically r-convergent

sequence contains not only dense statistically
r-convergent  subsequences, but also dense
r-convergent subsequences.

Theorem 5.2.5. A sequence x = {§} is

statistically r-convergent & to if and only if there exists
aset K= {k; <k,<...<k,<...} € N such that §(K) =1

and r-lim
Proof. First suppose that st-r-lim &, = &.

akn — E_,

1

Consider the sets K,; = {k € N: |g— & <r+ J}
forallj=1,23....
1

AsKj=N-{keN: [§-§=r+ J}andxis
statistically r-convergent to &, we have

S(Ke)=1 j=123... )
Now
1

Ky = ke N: [g-g<r+ 17Ty

1
ckeN: [g-g<r+ 1}
=KrJ.
So
K:j1 €K, forallj=1,23... ...(2)

Let us choose an arbitrary number v, € K, ;. Then
according to (1) and (2), 3 v»> vy, v, € K, such that
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1 1 1

Nik<n: &g <r+ 21> 2 for all n >
Va.

In a similar way, 3 v3> v, v3 € K, such that

1 1 2

Nk <n:|g-g<r+ 31> 3 for all n >
Vs.

We continue this process and construct by
induction a sequence

Vi <V2<...<Vj <...

of positive integers such that for j = 1,2,3,...

vj € Ky and

1 1t
n|{k§ni|§k—§|<r+j}|> j for all
02V ..(3)

Now we construct the set K as follows:
K= {k € N: 1 SkSVl} U (U {kE KrJ: VJSkSVJH})
“4)
JEN
Then from (2), (3) and (4) we conclude that for all
n from the interval v <n <vj,; and for all j = 1,2,3,...,
we have

1 1 1

H|{k§n:kEK}|:H|{k§n: G—g <r+ >
j—1

J
Hence it follows that §(K) = 1. Take some € > 0
1

and choose a number j € Nsuch that ) <eifnex
and n > vj, then, by definition of K, there exists a
number m > j such that v, <n < vy and thusn € K, ..
Hence we have

1
G-g<r+d <ree
lim
k— o0
keK
As this is true for all n € K, we see thatr- &=

&
Conversely, suppose that there exists a set K= {k;
<k <..<k, <...} € N such that §(K) = 1 and r-lim

akn = &. Then for given & > 0 there is a number n such
that for each k € K
|ak—§|<r+8Van. ...(5)

PutA,.={keN: |ak—§|2r+e}.
Then we have
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Ar,ggN_{kn’kn+1=kn+2,...}'
Since 8K) = 1,
{kn,km,kmz,...}):&

Thus 8(A,¢) = 0 for each € > 0.

= str-lim & =&,

This completes the proof of the theorem.

Corollary 5.2.5. A sequence x = {&} is
statistically r-convergent to & if and only if there exists
a sequence y = {nx} such that d({k € N: ny, = &}) =1
and r-lim n, =&,

Corollary 5.2.5. The following statements are
equivalent:

1. str-lim & =¢&;

2. Thereisaset K= {k; <k,<..<k,<...} €N
such that 3(K) =1 and r-lim & = &;

3. For each £ > 0, there exists a set K € N and a
number m € K such that §(K) =1 and |&—&| <t + ¢ for
allk € Kand k >m.

Notation. We denote the set of all statistical
r-limits of a sequence x = {&} by L, (x), i.e.

Lig (x) = {& € R: str-lim =&}

Theorem 5.2.6. For every sequence x = {&} and
number r > 0, L.y (X) is a convex subset of real
numbers.

Proof. Let B,n € L, (x) such that <nand & €
[B,n]. Then it is enough to prove that & € L, (x).

Since § € [B,n], there is anumber A € [0,1] such
that & = AB + (1-A)n.

As B,n € L, (x), for each € > 0 there exist index
sets Ky, K, with §(K;) = 8(K;) =I and positive integers
n;,n, such that

|E&— Bl <r+e for allk € Kyand k >n,

|Ek—m|<r+e for all k € Ky and k >n,.

Let us put K = K;NK,; and n = max{n;,n,}. Then,
since intersection of two statistically dense sets is a
statistically dense set, we have 6(K) = 1.

Now for all k >n with k € K, we get

|&— &l = [&— A — (1-M)n]

=& + A&k — A& — AP — (1-A)n|

= (A& = AB) + {(1-A)& — (1-M)nj|
= M&—B) + (1-1) (& —n)|

SA G =Bl + (I-M)[& — |
<Mr+e)+(1-N) (r+eg)

=r+e

So we conclude from Theorem 5.2.3 that st-r-lim
&=¢

= & € Lua ().

Hence L, (x) is a convex subset of real numbers.

This completes the proof of the theorem.

Lemma 5.2.7. If ¢ >, then L,y (X) S Lg.g (X).

Proof. Let & € L, (x). Then st-r-lim &= &.

Now by Lemma 5.1.4, st-q-lim &= &,

ie. E_, € Lq—st (X)

Hence L, (x) & Lg.s ().

we get O(N -
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This completes the proof of the lemma.

Let x = {&} and y = {nx} be two sequences. Then
their sum x + y is equal to the sequence {&; + i} and
their difference x —y is equal to the sequence {x —ny}-

Theorem 5.2.8. Let st-r-lim &= & and st-q-lim 1
=1. Then

Lo st-(r + @)-lim {& +m} =&+ m;

2. st-(r+q)-lim {& -k} =& —m;

3. st-(c| r)-lim c& = c& for anyc € R

where cx = {c&}.

Proof. 1. Since st-r-lim & = &, for every ¢ > 0
there exists a set K; €N and a number m; € K, such
that 8(K;) =1 and

€
G- & <r+ 2 Vk € Kjandk>m,.
Also st-g-lim 1 = n, then for every € > 0 there
exists a set K, €N and a number m, € K, such that
8(Ky)=1and
€

m-n<q+ 2  Vk € Kandk>m,.
Let m = max {m;, my} and K = K;UK,. Then
8(K)=1and Vk € Kand k> m, we have
G+ 1) = (E+ )| =1(E— &) + (M — M)l
<& =&+ Mk —
€ €

<r+ 2 +q+ 2
=r+q-+te.
So by Theorem 5.2.3, we have
st-(r + @)-lim {§+mi} =&+ .

2. From part (1), Vk € Kand k > m, we have
18 = M) = € = = (& — &) — (e — )|
<[&— &+ |
€ €

<r+ 2 +q+ 2

=r+q-+te.

So by Theorem 5.2.3, we have
st-(r + @)-lim {& -} =& —n.

5. Since st-r-lim &= &, for every € > 0 there exists
a set K SN and a number m € Ksuch that 3(K) =1
and

€
g—g<r+ Il VK E Kand k >
m.
Now
IcEy— o] = [clj&— ¢
€

<+ e
=lclr+e.
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So by Theorem 5.2.3, we have
st-(|c| r)-lim c& = c&.

Corollary 5.2.9. If st-lim &= & and st-lim n,=1.
Then

1 st-lim {& + i} =E+1;

2. stlim {& -} =&—m;

3. st-lim c& =c& foranyc € R.
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