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Abstract: This article describe the ways of development of methods and algorithms for visualization of processes in
multicomponent media with two nonlinearities, for the divergent case taking into account convective transport.
Visualization of nonlinear processes describing systems of reaction-diffusion processes with double nonlinearity in
one-dimensional and multidimensional cases. To establish the properties of global solvability and time-unsolvability
of solutions of a nonlinear mathematical filtration model in two-component media associated with non-local
boundary conditions. Establish critical exponents of the Fujita type for a mathematical model for nonlinear filtration
systems in two component media with source or absorption. The object of research is the qualitative properties of
solutions of polytropical filtration systems in a two-component medium with non-local boundary conditions. In the
article uses the nonlinear splitting algorithm, the method of reference equations, the method of comparing solutions,
iterative numerical methods, methods of variable directions and runs.

[Sadullaeva Shahlo Azimbayevna, Saida Safibullayevna Beknazarova, Abdurakhmanov Kaxar Patahovich.
Properties of Solutions to the Cauchy Problem for Degenerate Nonlinear Cross-Systems with Absorption.
Researcher 2020;12(6):9-16]. ISSN 1553-9865 (print); ISSN 2163-8950 (online).
http://www.sciencepub.net/researcher. 2. doi:10.7537/marsrsj120620.02.

Keywords: parabolic system of quasi-linear equations, cross-diffusion, variable density, source, absorption,

numerical solution, iterative process, self-similar solutions, nonlinear boundary conditions.

1. Introduction

Recently, there has been a great interest in the
study of nonlinear modeling of a wide variety of
phenomena and processes occurring in mechanics,
physics, technology, Biophysics, biology, ecology and
many other fields of knowledge described by
nonlinear differential equations. Especially for ultra-
fast processes occurring in blow-up modes, in which
the studied function (solution) turns to infinity in a
finite time at individual points or in an entire region of
space [13]. In many physical processes, these
solutions occur (for example, Gorenje processes). In
this regard, A. A. Samarsky, S. P. Kurdyumov, V. A.
Galaktionov and others began to develop the theory
and practice of studying such problems. Unlimited
solutions were called the mode with aggravation (in
foreign literature called blow-up). In this case, a
special place is occupied by quasi-linear equations of
parabolic type modeling various processes occurring
in the natural Sciences.

The widespread mathematical model of
processes described by quasi-linear parabolic
equations is explained by the fact that they are derived
from fundamental conservation laws (energy, mass,
number of particles, etc.). Therefore, it is possible that
two physical processes that at first glance have
nothing in common (for example, thermal
conductivity in semiconductors and the process of
magnetic field propagation in a medium with finite
conductivity) are described by the same nonlinear
diffusion equation, only with different numerical
parameters.

One of the most relevant areas of mathematical
modeling is the study of nonlinear mathematical
models of various physical, biological, chemical and
other phenomena and processes. Examples include
such physical theories as nonlinear quantum
mechanics, nonlinear electrodynamics and optics,
nonlinear plasma theory, nonlinear acoustics,
nonlinear thermal conductivity, nonlinear diffusion,



Researcher 2020;12(6)

http://www.sciencepub.net/researcher

and other theories based on nonlinear
differential equations.

In the General case the difference of quasilinear
parabolic equations that underlie the mathematical
models of various processes is the dependence of
equation coefficients (thermal conductivity, transfer,
power, volumetric energy sources and sinks) of
variables that determine the state of the environment,
i.e. temperature, density, magnetic field, etc.

It is hardly possible to characterize even a simple
enumeration of the main results obtained in the theory
of nonlinear parabolic equations. Note only that for
wide classes of equations, the principal problems of
solvability and uniqueness of solutions to various
boundary value problems have been solved, and the
differential properties of solutions have been studied
in detail. The General results of the theory allow us to
analyze entire classes of equations of the same type
from these positions.

The main problems that arise in the study of a
mathematical model of complex real physical
processes are primarily related to the non-linearity of
the equations underlying the mathematical model. The
first consequence of non-linearity is the absence of the
superposition  principle  inherent in  linear
homogeneous  problems.  This  ensures the
inexhaustibility of the set of possible directions of the
dissipative process evolution, and also determines the
appearance of discrete space-time scales in a
continuous environment. They characterize properties
of a nonlinear medium that do not depend on external
influence. Nonlinear dissipative environments may
exhibit some internal ordering, which is characterized
by the spontaneous appearance of complex dissipative
structures in the environment.

A special place in the theory of nonlinear
equations is occupied by the circle of studies of
unlimited solutions, or, as they are otherwise called,
modes with aggravation. Nonlinear evolutionary
problems that allow unlimited solutions are globally
(in time) unsolvable: solutions increase indefinitely
over a finite period of time. For a long time, they were
considered in theory as some exotic examples,
suitable only for establishing the degree of optimality
of global solvability conditions as a natural "physical"
requirement. However, we should note that the first
successful attempts to derive unbounded solutions to
nonlinear parabolic problems were made more than 50
years ago. Today, the theory of modes with
aggravation is a vast field in which thousands of
works have been performed, in which there are
outstanding achievements.

Today, in the world practice of the field of
natural Sciences, the study of nonlinear mathematical
models is considered one of the most urgent tasks in
the development of methods for improving the
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efficiency of the reaction-diffusion control system.
According to the Elsevier database, the number of
scientific papers by scientists around the world
devoted to the study of the nonlinear reaction-
diffusion equation, as well as the Cauchy problem and
boundary value problems for this equation, and the
practical application of the research results is
constantly growing.

In the Republic of Uzbekistan, large-scale work
has been carried out on the effective organization of
events dedicated to the creation of automated systems
for computer visualization of diffusion processes,
mathematical modeling of diffusion processes
described by nonlinear equations with double
nonlinearity in an inhomogeneous environment. From
this point of view, a number of research works are
being carried out to improve the methods of research
and visualization of nonlinear processes, to create
automated production systems that play an important
role in the study of mathematical models of nonlinear
processes.

Currently, a number of fundamental problems in
the world require mathematical modeling of nonlinear
processes, improvement of visualization methods and
tools, as well as application to practice of the obtained
important results of reaction-diffusion problems with
double nonlinearity. Currently, for the study of
equations with double non-linearity and practical
application, conducting targeted research in the
following areas is considered one of the important
tasks: development of visualization methods in the
study of nonlinear models; creating software systems
that help study nonlinear processes; creating a
technology for conducting computational
experiments, monitoring the evolution of the process
over time, creating a computerized system for
determining properties that depend on the dynamics of
changes in parameters.

2. Material and Methods
On properties of solutions to the Cauchy problem

for degenerate nonlinear cross-systems with
absorption

. N

In the domain Q={(t,x).t>0,xeR }

properties of solutions of a nonlinear diffusion-
reaction system with variable density are studied:

L(u,v)=— ‘x‘/ 61—’:4— div(‘x‘" ym! ‘Vu* ‘,. : Vu) - ‘x‘/ 7 (Ou=0
Ol
1 0v

Ly(u,v) = x| =t div(‘x‘" u™! ‘Vv* "’

2V\/)—‘x‘/ Y,()v=0 (1)
u(0,x)=u,(x)=0,v(0,x)=v,(x)>0, xeRN’ 2

k2lnlpm,i=12 specified numerical

) ] V() —grad(.)
parameters of a nonlinear medium, x s

where
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functions ”o(x)’ Vo(x) 20 xeR"

0<y,(t)e C(0,0),i=1,2

The system (1) describes a set of physical
processes, such as the process of mutual reaction-
diffusion, thermal conductivity, polytrophic filtration
of liquid and gas in a nonlinear medium whose

capacity is the same 7 (Du , 72 () . Various
special cases of the problem (1) - (2) are considered in
many. In particular, we obtained conditions for the
existence of solutions to the Cauchy problem in time.
The system (1) in the domain of degeneracy and in the
domain of degeneracy may not have a classical
solution. Therefore, weak solutions of the system (1)

) . ) ., 0u,veC

with physical meaning are studied: (Q)
B (P2 PR P2

and also x| v™ I‘Vu‘ ! Vu, |x| u™ I‘Vv“l VveC(Q)

satisfying some integral identity [8]. Various

qualitative properties of a nonlinear degenerate system
and a dual nonlinear equation, in particular the
equations of porous media, have been intensively
studied (see [8] and the literature in them). For
example, the asymptotic behavior of the destroyed
interface solutions of a one-dimensional nonlinear
equation of a porous medium in the inhomogeneous
|x Au™

N 2
m>LA=>—  (3)
case ot , where O]

when 1> 2 studied in [1,2,5,6,7]. Relative to the initial
data, it is assumed that they are smooth, bounded,
compactly supported, symmetrical, and monotonous.
Behavior over a long time for the equation of an
inhomogeneous porous medium (3) in a medium with
a slowly decreasing density at 0</<2 have been
considered in other works of the authors. Case /=2 it
is called a critical case [8(119 p.)]. In this paper, on
the basis of reducing the original system (3.71) with
variable density to a "radially symmetric" form, we

can consider the following cases [<2,1>1
I'=2 from one point of view, this makes it relatively
easy to build solutions of the Zeldovich-Companeitz
type, thanks to which new nonlinear effects are
established. Based on the method of the standard
equation and the principle of comparing the
conditions of emerging phenomena, the final velocity
of perturbation propagation and the localization of
space are established. An estimation of the weak
solution and free boundary for solutions of the Cauchy
problem for a cross-system with variable density is
obtained. The naturally established approach is valid
as for the porous medium equation (2).

Below we will show the phenomenon of
propagation perturbation at the finite velocity and
localization of space.

Sou
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3. Results

The phenomenon of propagation violation at a
finite speed and localization of space.

Consider the following self-similar system

el AR
: df{f Ve d§]+pd§ ’
is d | st | Ay r dy | Sdy

— Yl — 2—=0
: dcf{f " ag dcf}p Z
It is obtained by transformations
u(t,x) =u(t)w(t(?), x),
v(t,x)=v(t) z(t(2), x), (5)
Where
_ _jy] (¥)dy _ _jyz (VM)
u)=e , v(t)=e ©)
and function UM was selected as

o) = [v" Gy () = [ ()9 ()

Then the functions w(t(®),x), z(t(1),x),
satisfy the system

w_ div(z”"*' |ka|p’2 VW)
ot

v_ div(u'"f‘ |W|p’2 W)
ot

(7
It is obvious that the system (6) the so-called re-
symmetric form

N
), z(z,x) = 2(z,0(x]), [ = x7
i=1

- which satisfy the so-called "radially symmetric"

w(r,x)= w(r,(p(|x

system
ow 0 o il |7 6w
_:(pls_ (pSI(Z,I_Wk o0
ot o o o
v 5ol s oalo | e
E:(plsa_(p((pSI(uZI‘%vk %J

®

If

() = w|x|p—(l;+1) ,n+l<p
p

)
Set in (8) w(t,x) = f (&), z(7,x) =y (&),

_ o)
°= [r()]"”
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we have the following self-similar system

R g R
dg dé| d&) pdS
p—2
gL d (égs]fmz dV/k[ d_w]_,_id_u/:
d d
as ) s g
_WNVEDP il N>
where p=(n+l) Note
that here the role of space measurement is played by a
number S
It S=1ie p(l+))+l-n=pN then  the

system (10) it comes down to the shape of the plate. In

(/)(|x|) = |x|N ,N>2

this case

ie. (0(|x|) depends

only on N space dimension. Obviously in a critical
case n+l=p function (0(|x|)=ln(|x|) and the

"radially symmetric"

2
( -1 a d_o) 4+
d(p do

( et 2ﬂ/ T
do do

Consider the functions
7©=4(a-¢)"

system

K
do

d
dcp

d
dcp

LY
do

p2
do

L E)=B(a-¢),

has the form

=0
do

=0

1%2@
?an

E=p(lrd]"”

(12)
(8 means (), =maxO.b)
e Ve ) MO
T 2Py P

We notice the function 1) , () - are
compact carrier (finite) weak solutions of a degenerate

type system
s d [ samald A EdF S S
d df[é v d§]+pd§+pf
vs d [ sorpmaldd| " di )| Edp S
d de;[é 4 d§]+pd§+pw_0
(13)
A, B

if the number of
following equation of an

- are the solution of the

algebraic  system

AP gt =1 / p(7k71 )1’72 77,
Amrl Bk“’*z) =1/ p(7k7/z )[}72 77, (14)

By design, function f (5),l/7(§) has the property

2(5)50,’/7(5)50 in the domain HET

p-1

. So we

can continue with the functions f (5),1/7(9&) by 0 for

-1)/
the value é: <€ (a(p )p,oo) .

It is clear that the functions 1. they are
classic solutions of a self-similar system (13) in the

range | §| < a(p—l)/p '

Since B the
u,(t,2)= f () v (6X)=F(E) oo sele

similar solution of the system and have the property of

functions

the finite velocity of perturbation propagation

u, (t,x)=0, v, (t,x)zo when

> P p [ "D (n+1)< p

[ -
p—(m+1)

4. Discussions

Allow (n+h<p and also

t

Theorem 1.
t

o(t) = [V )" () = [ (0" ()
0 0

(15) this is a monotonous growing function, and

accept the conditions

u(0,x)<u, (0,x), v(0,x)<v, (O,x)

40 B <1 p(yky)
they were satisfied. T when solving the problem (1),
(2), the phenomena of the finite velocity of
distribution propagation occur under the conditions

k(p=2)+m—1>0, p=2, i=1.2, n+l<p be the
truth.
Conclusion.

y;>0, p22,i=1.2, n+l<p

Suppose

>

7(w) = j " i () = j—"’ v () <o

then the problem is (1), (2) it has the property of
localization of the solution space [13].
Evidence. Consider the functions

u(t, x) =u()w, (1(2),(x)),
v(t, %) =v (1) z, (1(1), p(x))

Substituting these functions in system (1), we
have
L, ,v,)=u@®){(e/[1-(m-a,
L, v,)=ut){a, /[1-(m, -, —

~(p=2D)a]-N/p) (&),
(P=2)a,]=-N1pip(o),

According to the condition of theorem 1 we have
Ll(u+9v+) SO,LZ(M+,V+)SO in D= {(t,x):t>0,|x1 <Z(t),
l(t) — a(p—l)/ p[,c(t)]l/[p—(rﬁ-[)]]

Am BRD <1 p(ﬂ/k?/z)k1
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where (). certain function (15).
Therefore, according to the principles of
comparison, we have

u(t,x) <u(w, (v(1), o(x)),

v(6,X) ST 2, (1), 9(x) 4 O
Becanse " (HO.9() =0, z,(2(1). p(x)) = 0
p —(I’l +l) |x|ﬁ > a(p—l)/p[T(t)]l/p
Because p and
(p-)/p 1/p p=(nth)
FE a [x()] ) »
p—(n+l)
p this means the final

velocity of propagation of the perturbation of

solutions. Please note that when () 5w then set
the final velocity of propagation of the perturbation of
solutions.

Consequence. If the  conditions  are

k(p=2)+m —-1>0, p>2,i=1.2, n+Il<p,

w(@) = [V ) (pdn = [ ()v? () < 0

completed, then the task (1), (2) it has the property of
spatial localization of the solution.

2. Case 1 +l=p
In this case, the following theorem holds.

Theorem 2. Allow I’l+l=p be and the
conditions of theorem 1 were met. If

u(0,x) <u,(0,x), v(0,x) <v, (O,X),x eR"\0
then to solve the problem (1), (2) obtained estimate

u(t,x) <uy(t,x), v(t,x) <v,(t,x),t >0,x € R* \ 0

u,(t,%) = A (1) (£), v, (t.x) = BVOF(E), & =In[z(0)] "

constants and functions ﬁ(t)’v(t)’f (&), ¥($) were

defined above.

3. Asymptotes of self-similar solutions

Now we proceed to study the asymptotic
behavior of solutions of self-similar systems (3) under
the following boundary conditions.

f(0)=0, f(0)=0, ¥'(0)=0, y()=0 (16)
SO=a>0, f(d)=0p0)=a,>0, Yd)=0,d <
(17)
f(0)=a>0, f(0)=0,y0)=a,>0, Y(9)=0
(18)

Theorem 3. Allow then the
solution to the problem (3) - (14) has an asymptotic

v, >0, y,>0

13

representation as n—>o (n=-In(a— E:p/(p_l))
£(&) = AF(E)(1+0(1)),
w(&) =By(E) 1 +o(l)) 19)

where are the coefficients 4,B- they are the
solution of a system of algebraic equations

A" B" =1/ plyy)"

A" B =1/ pyy,)” 20)
Evidence. To prove theorem (3.73) in (3.84), we

will make a replacement
f(&)=fE)wn), w(&) =F(&)z(n), n=—In(a - " "
(21)
Then for unknown functions W(T]), Z(T]) in
(14) we have

d d
S Ly(w,2) + d,Ly(w,2) + d()(Ce—y,w) =0
dn dn

4w+ dyLy(w, )+ A~ 1,2)= 0
dn dn (22)

5
dl”| 2

e—T'l

Where

Ly(wz)=2"" %w —vlk“}‘r (‘% —YIW], L(w2)=w""
4 =7 (% ¢

Analysis of system solutions (6) shows that the
W B Z n—>®

&
an

—yr)i=12.dm =1

a—e " pa—e"

>

functions, when there must be a
solution to the system (22). Theorem 2 is proved.
Note that the solution of this problem is a single
parametric Eigen function of a nonlinear medium.
Theorem 4 Allow

i <0, Ntyy; <0,1= 1’2. Then the solution to
the @) - (14) when
— p/(p-1)
n—>o (M=In(a+g ) has an asymptotic
representation

£E)=A,(a+E")" (1+0(1),

V@ =A,(a+g) Aro)
4,>0, i=12,

problem is

here are the coefficients
are the solution of a system of algebraic equations

A7 AN <[y pON+ ) +B 1)
A" AL =LY POV ) +BIG o

To prove theorem 3 in (20), we will make a
replacement
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£(&) =F(©wm), w(&) =W(&)z(m),

(M=In(a +&"®) 25)

Then for an unknown function W(T]), Z(T]) of
(25) has

A wD+dLw,2) + Y 4 w) + by =0
dn dn

w2+ Lw,2) +dy (4 y,2)+byz=0
dn dn

o ol (S

dn T dn W

& d (Larz

dn Y2 dn 2Z |5
n

d;(m) =P (N——+77,),

(26)
where

Ly(w,z)=2""

L() (Wa Z) = sz_l‘

e'—a
en
e"—a
Analysis of solutions of the system (26) shows
that “5>4i = coefficients must be solutions of an
algebraic system (26). Theorem 4 is proved.

i=3,4,d,(m) =2
p

5. Conclusion

As we know, there are a number of difficulties in
finding solutions for degenerate nonlinear parabolic
systems, such as correctly determining the initial
approximation. Here, the initial approximation is
strongly related to the parameters of the equation. As
an initial approximation, we used the self-similar
solutions built above.

Below are some examples from numerical
calculations and comparison of the self-similar
approach and approximate solutions for the system's
equations (the behavior of the solution in time).

The difference between exact solutions and
approximate solutions

Example 1. One-dimensional case:

a) Exact solution

b) Approximate solution.

(100 )02 [~
Yy

Example 2. Two-dimensional case:

2

YY100,0

Behavior of the solution when t = 100 s.

YYZOO, 0

Behavior of the solution when t = 200 s.

14
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Methods and algorithms for visualization of
processes in multicomponent media with two
nonlinearities are developed for the divergent case
taking into account convective transport. Visualization
of nonlinear processes describing systems of reaction-
diffusion processes with double nonlinearity in one-

dimensional and multidimensional cases was
performed.
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