Report and Opinion 2019;11(4) http://www.sciencepub.net/report

The k-out-of-n system model with degradation facility
M. A. El-Damcese, M. S. Shama

Department of Mathematics, Faculty of Science, Tanta University, Tanta, Egypt
m_shama87@yahoo.com, meldamcese@yahoo.com

Abstract: In this paper, we study the reliability analysis of K-out-of-N system with degradation facility. Let failure
rate, degradable rate and repair rate of components are assumed to be exponentially distributed. There are two types
of repair. The first is due to failed state. The second is due to degraded state. The expressions of reliability and mean
time to system failure are derived with repair and without repair. We used several cases to analyze graphically the
effect of various system parameters on the reliability system.
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1. Introduction

The general structure of series and parallel systems: the so-called k-out-of n
system. In this type of system, if any combinations of k units out of n independent
units work, it guarantees the success of the system. For simplicity, assume that all
units are identical. Furthermore, all the units in the system are active. The parallel and
series systems are special cases of this system for k=1 and k = n, respectively.

In this paper, we provide a detailed coverage on reliability evaluation of the k-out-
of-n systems with degradation. We study the simple model "one unit with one
degradable state (simplex)" then we investigate triple modular redundancy (TMR)
without repair components. Finally we study the k-out-of-n in details with repair and
without repair of components. In addition, we perform numerical results to analyze
the effects of the various system parameters on the system reliability.

1.1 Notations

n: Number of components in the system.
k : Minimum number of components that must work for the k-out-of-n system to
work

Ay The failure rate of the unit.

A, : The degradable rate of the unit.

44, : The repair rate of failed unit.

A4, : The repair rate of degraded unit.

[}, @) : Probability that there are i degradable units and j failed units in the system at
time t where i=0,12,...n ,7=012,... . n—k+1.

s : Laplace transform variable.

PI*J {t): Laplace transform of B, (¢).
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£@): Probability fori=0, 1, 2
O0—operable (normal) state

1— degradable state
2— failed state

P'(5): Laplace transform of P(¢) .
R_,.(t): Reliability function of simplex system with degradation

MITFs - Mean time to failure of simplex system with degradation

R @), Reliability function of TMR system with degradation

MITFyr . Mean time to failure of TMR system with degradation

Ry (K. N): Reliability of k-out-ofin system or probability that at least k out of the
N components are working (nonrepairable system), where 0 < k < n and
both k and n are integers.

Rp(k.m): Reliability of k-out-of-n system or probability that at least k out of the
N components are working (repairable system), where 0 <k <n and both k
and n are integers.

MITF o (k,n): Mean time to failure of'a k-out-of-n system.

24 The repair rate of failed unit.
24, - The repair rate of degraded unit.
4, - Mean repair rate when there are n failed units in the system

., Mean repair rate when there are n degraded units in the system.

1.2 Nonrepairable k-out-of-n System

1.2.1. Simplex system

We get Simplex system when a=%=1

Figurel-1. Simplex system with degradation diagram.

Based on the state transition diagram in Figurel-1, we can derive the following
differential equations:
dBQ@)

Y0 o
%}zﬁ B+ APD @
L p1+ 4RO 3
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Initial conditions:

3(0)={

1, where =10

0, otherwise

Taking the Laplace transform of equations (1-3)and applying initial conditions, we

have
s+ A4)R =1 @
(s+ ) B @A R 5)=0 S)
(s)B ) A4 A" (©)=0 ©
Using the Laplace transform technique, the solutions of }f*(s) , =0, 1, 2 are given
#* 1

B =— 7

) oA (7

. A
Ri(s)= (8)
st s+ &)+ A,
R 5)=—5 4l )
sle? 5y + 4, )+ 44, )
Inverse Laplace transforms of these equations yield
B@)=eH a0
At _
B ):M a1
A=A
The reliability function of the system can be written as
At g A
Ran®= RO RO DTS a2)
The MTTF can be obtained from this equation
mrrp, =14l (13)
4 A

1.2.2. Triple Modular Redundancy: TMR

In this scheme, three identical redundant units or modules perform the same task
simultancously with degradable rate. The TMR system only experiences a failure
when more than one component fails. In other words, this type of redundancy can
tolerate failure of a single component. Figure 1-2 shows a diagram of the TMR
scheme.

Figurel-2. TMR with degradation diagram.
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From Figurel-2, taking LaPlace transforms of the state equations yields:

(s+34 )R, "(s)=1 a4
(s+24)R " ()= ARy (5)=0 as)
(5+24+ ) B, "(5)-34 B, "()=0 16)
(s+ 4+ AR, (- 2AR,(9)-24B, (=0 an
(s+4+22)B " (9-24 Ry "(5)=0 as
(s+24)B," (- AR, "(5)-34B8,"(5)=0 19)
(B2 (AR, (5)=0 (20)
()R, (-2 B, " ()=0 @

Solving equations (14-21) and taking inverse Laplace transforms of these equations,
we get the reliability function of the system

i=3,j=1
Rp(= DB ()
i,j=0
(jqz 2y g 22 7211%67(,11%):)

)
3340 43 34 2 (424N ma2a (4240
72(21 e e +34 4% 34" e ) 22)
A=A

As we know the reliability of the triple modular redundancy of a component with one
failure rate can be obtained from this equation

Rtmr (I) =

Ry (®)=3R*-2R? 23)
Where R=¢* reliability of a component with failure rate 4, from (22) we get
Rbnr (t) 3( it ) 2( St ) (24)

The MTTF,,, can be obtained from this equation

MTTF,,, = jR,W ® (25)
0
1.2.3. General system

We will examine a general model for analysis of such systems when they are
nonrepairable. When a k-out-of-n system is put into operation, all n components are in
good condition. The system is failed when the number of working components goes
down below k or the number of failed components has reached n—k+1. We consider
the components in a k-out-of-n system are i1.d. Let the failure rate and degradable
rate occur independently of the states of other units and follow exponential
distributions with 4, 4, , respectively.
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Figurel-3. State-transition-rate diagram of Nonrepairable System with two types of
failure

At time ¢ = 0 the system starts operation with no failed units. The Laplace transforms
of ,; ¢) are defined by:
PL6) - je-ff P @)dr, i=012.. nand j=012,.n—k+1.
0
Based on the model descriptions, the system state transition diagram is given in

Fig.1-3 and it leads to the following Laplace transform expressions for P, J* (s):

(s+n4 g (5)=1 (26)
(s+0=DAR (- WF, (H=01<isn—k k)
(s+0r=DA +ik Py (S (m—i+ DAF  (5)=0,1<i<n-1 (28)
(512, )P ()~ APy 16 (5)=0 29
(s+=DLP (- (—i+ DAMPL o (S AF 4, (9=01<i<n—k (30)
(S + (}2 —k— 1)22 )P.F’l**k*[,[ (s)i (?’l* k— j);iﬂpn*fkﬂﬁrl,[fl (S)

—~(n—k—DAP 1 (H=01<i<n—k-1 31
(s+(r—k—j+ DA +(k—DAPL ;. - h—i+DAPY ¢ 115 ()

~Ge—k— it DA oo j D=0l i b lagan—k (32)
(54 GHDA+ (= j—i= DAL () G+ D AP, ;1 (5)

—(n— - DA (H=00<i<n—k-2]1<j<n—k—i-1 (33
()P (- G+ DAP 3 (9)=0,0<i<k—1 34

From solving equations (26-34)and taking inverse Laplace, we obtain the reliability
function as follows:
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lj::ﬂny—ful Z'::nn’—ku
Rylk,m)=LY DB |=| DB® (35
i,j=0 i, =0
o 7
Ry(emy= ) (Ron )= R (36)
i=K
The mean time to failure MTTF,;(k,n)can be obtained from the following relation.
ij::”;{—iau
MITFy (km)= lim R} (s)= lim jZOPj () (37)

When we perform a sensitivity analysis for changes in the Ry (k,n) resulting from

changes in system parameters A, and 4, .By differentiating equation (36) with respect

to A we obtain,

Ryley 8 | it = 3

S o 2 LN ke P 38
o 621{2”() Zazl 1O (3%)

i+ j=0 i+ j=0
ORy(k,m) ORy (k) RyU,m)
ok T o O
We use two cases to study the effect of k and n on system reliability

We use the same procedure to get

Case 1: Fix 4 =0.001, 4, =0.008 n=3 and choosek =1,2,3.
Case 2: Fix 4 =0.001, 4, =0.008 k =2 and choose n=2,34.

From Fig.1-4 and Fig. 1-5 we can be observed that the system reliability increases
as k Increases or u INCreases.
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Figurel-4. Nonrepairable system reliability with two types of failure for different

numbers of units k.
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Figurel -5. Nonrepairable system reliability with two types of failure for different
numbers of units n.

Then, we perform a sensitivity analysis with respect to 4,and 4,. In Fig.1-6 we can
easily observe that the biggest impact almost happened at different time and the order
of magnitude of the effect is (4, > A4).
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Figurel-6.sensitivity of repairable system reliability with respect to system
parameters.

1.3 Repairable k-out-of-n System

In this section, we will develop a general model for analysis of such systems when
they are repairable. Let failure rate and degradable rate that occur independently of
the states of other units and follow exponential distributions with 4and A4,
respectively in addition, repair rates of failure and degradation are assumed to be
exponentially distributed with parameters 4 and g, respectively.

The system starts at time t=0 and there is no failed or degradable components.
When a unit failed it is immediately sent to the first service line where it is repaired
with time-to-repair which is exponentially distributed with parameter 4, .we have two
service lines the first one repair failed units and the second one repair degraded units
.When an operating unit degraded it is it is repaired with time-to-repair which is
exponentially distributed with parameter 4, during it working. We assume that the
secession of failure times and repair times are independently distributed random
variable. Let us assume that failed units arriving at the repairmen form a single
waiting line and are repaired in the order of their breakdowns; i.e. according to the
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first-come, first-served discipline. Suppose that the repairmen in the two service lines
can repair only one failed unit at a time and the repair is independent of the failure of
the umits. Once a unit is repaired, it is as good as new.
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Figurel-7. State-transition-rate diagram of repairable System
with two types of failure
The mean repair rate 44 ; is given by:

Jay . Hl€n<min(R,n-k)
=R . fRysjsn—k

0 otherwise

The mean repair rate 44, | is given by:

Jip . #Hl<n<min(R,,n)
My =Ry . HRy=j<n
0 otherwise

Based on the model descriptions, the system state transition diagram is given in

Fig.1-7 and it leads to the following Laplace transform expressions for £, j* @©):

(S +ady )13(;:0 (s)—- /"‘l,lPO*,l (&) /J/z,lPlfo (s)=1 (39)
(S + (ni.])/ll e /‘él,j )P(])t_; (5)7 #1,J+1]:l’:)tj+l (S)*/_QJH:; (5)7 A’Z}Dl):j—l (S): 0

l<jsn—ik-1 (40)
(s EA + 24t Pt (- BB 1 (8)=0 (41
(s+-Grn—DYAy+idy + 1y, P () (n—i+ DA o () 143P3 (5 g 1Pl (=0
d<i<n-1 (42)
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(s+ 7y + 410 )P0 () APy (5)=0 43
(s (r DDAyttt i+ 11 P () (n— i+ DAPo 11 () APy (5)=0
A<i<n—k (44)
(54 iy - = DA+ sty 180, Bk (VG DA it ST B Pl 1 (8)
—(k—i+ DAP , ; (5)=01<i<k—1 (45)

(s k=D + 1y gyt b0 P (9= (k= DB 111 (5)

—(n—Fk— l)ﬂip:—k—i—l,f (s)— #2,n7k—f+lp:—k—i+1,i (s)— /ul,HIP:—k—i,Hl (s)=0

J<i<n—k—1 (46)
(S (k= D+ k=DM + i+ i )P:—k—jﬂ',j (s)

= #2,n—k—j+i+lP:—k—j+i+1,j (s)-(n—k—j+i+ I)AQRq*—k—jHH,j—l (s)

—(k—i+ l)ﬂlp:—k—jﬂ—l,j (s)- /’ll,j+1Pn*—k—j+i,j+1 (5)=0l<i<k-ll<j<n—k-1 “n
(5 G DA+ (= i~ DAy + g+ a1 s )~ = DAL (5)

= /‘52,i+2Pij2,j (s)-(G+ 2)2255:2,1'71 (s)- ﬂ1,j+1Pf*+1,j+1 (s)=0
O<i<n—k-21<j<n—-k—-i-1 (48)
()Pt (=G +DAgPl e (9)=00 < <1 (49)

By solving equations (39—49)and taking inverse Laplace transforms (using maple
program) .We obtain the reliability function as follows:

n—k n—k
Ry (e, m) = L{ ZB-T,-@)N py: ,-(r)j (50)

i+ j=0 i+ j=0
Where i, 7=012,...,n—Fk.
The mean time to failure MT7F,(k,n)can be obtained from the following relation.

n-k n—k
MTTFg (k) — Jl'gn)o{ ZP,-T‘,-(s)} { ZR—T,-(O)} (6l)

i+j=0 i+ j=0
We perform a sensitivity analysis for changes in the reliability of the system Ry (k. %)
from changes in system parameters 4,4, 4 and u, by differentiating equation (50)
with respect to 4, we obtain

ORy(k,n) 0 |k . g
A NP0 = —7) (52)
o o | 2O, 2
We use the same procedure to get BRtEr] ? ARk ) : Rakon]
o Oy Oty

1.3.1. Numerical Results

In this section, we use MAPLE computer program to provide the numerical results
of the effects of various parameters on system reliability and system availability. We
choose 4, =0.001, A, =0.008 and fix g4 =0.1, 4, =0.8 . The following cases are analyzed

graphically to study the effect of various parameters on system reliability.

Case 1: Fixn=5,k=2,R, =1, and choose R, =1,2,3.
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Case 2: Fixn=35k=2,R =1, and choose R, =123.

It can be observed from Fig.1-8 and Fig. 1-9 that the repairable system reliability
increases as » or & increases. It is also noticed from Fig.1-10 that &, don't effect on
system reliability when number of repairman more than one. Fig.1-11 shows that the
repairable system reliability increases as R, increases.
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Figure1-8. Repairable system reliability for different numbers of repairmen in first

service line.
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Figurel-9. Repairable system reliability for different numbers of repairmen in second
service line.

Finally we perform sensitivity analysis for system reliability R (%, ) with respect to

system parameters.

1- With respect to all system parameters

From Fig.1-11 and Fig.1-12 we can easily observe that the biggest impact
almost happened at the same time for 4,, 4 and g, but it's happen at shorter time

for 4, . Moreover, we find A, is the most prominent parameter while 4,, 14 and t5
are the second, the third and the fourth respectively in magnitude.
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Figure 1-10. Sensitivity of system reliability with respect to system parameters
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Figure 1-11. Sensitivity of system reliability with respect to system parameters

2- With respect to 4 at various values of /4,

Fig.2-6 shows that when A decreases the impact of 4 on reliability R, ()
happened at longer interval time, and the biggest impact almost happened at
longer time.
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Figure 1-12. Sensitivity of system reliability with respect to 4, at various values of 4
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3- With respect to 4, at various values of 1,

From Fig.2-7 we can also observe that as A, decreases the impact of 4, on
reliability R.(¥) happened at longer interval time, and the biggest impact almost
happened at longer time, we can observe that the biggest impact of 4 on
reliability R, (#) is not affected by the value of 4, but it's happen at longer time as
A, decreases.
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Figure 1-13. Sensitivity of system reliability with respect to 4, at various values of A,

1.4. Conclusions

In this paper, we studied reliability and mean time to system failure for k-out-of-n
models with degradation facility. Mathematical model were constructed for these
models. The results were shown graphically by the aid of MAPLE program.
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