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Abstract: This work aims at improving the tracking performance and stability of a Flexible Joint Robot (FJR) using 
mixed sensitive synthesis. However, the major problems of the flexible joint robotic manipulator are poor tracking 
performance and instability. The objectives are to improve the tracking performance and stability of the flexible 
joint robot based on the tracking error, damping time and stability margins of the joint. To achieve this, a mixed 
synthesis method was applied. From the results existing FJR system recorded damping time of infinity which is very 
high, gain margin of 22.8dB and very low phase margin of 3.21e-12deg. This means that the existing joint model 
suffers from poor performance and it is unstable. The mixed synthesis controlled FJR recorded low damping time of 
0.993seconds, tracking error of 0.0214dB, gain margin of 24.9dB and phase margin of 86.9degrees. This means that 
the mixed sensitivity synthesis controlled FJR achieved improved tracking performance and robust stability. The 
mixed synthesis control technique maintained negligible changes in damping time, tracking error and stability 
margins when the joint flexibility constant k was varied to verify the robustness of the system. The work concludes 
that the flexible joint tracking performance and stability improvement was achieved using mixed sensitivity 
synthesis. 
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1. INTRODUCTION 

The desire for higher performance from the 
structure and mechanical specifications of robot 
manipulators has spurred designers to come up with 
flexible joint robots (FJR) [1]. Energy is the ultimate 
handicap for both rigid and flexible joint robot 
manipulators as well as controllers. Robots must have 
higher efficiency to work and also for mobile robots 
to use battery. Energy utilization from the battery 
effects operating time of mobile robot. Thus, a poor 
performing robot consumes more energy thereby 
shortens the operating time of the robot. To improve 
the performance of the manipulator, a controller 
function needs be designed for the particular robot 
model. Hence, with an adequately controlled flexible 
robot, the problem of faster battery energy 
consumption will be solved. Spring energy which is 
stored in flexible joints helps system for power needs 
[2]. This means that the flexible joint adds more 
degree of freedom and functions with less energy 
consumption more especially when it is adequately 
controlled. From the review, the control and 
preference of flexible robots is increasing [3]. 

Flexible joint robots are recently being applied more 
in the industries due to their numerous advantages 
over the rigid robots. They are applied in most fields 
where performance and high accuracy are needed 
such as in the space robot [4]. However, compared 
with rigid robots, number of degrees of freedom 
becomes twice as number of control actions due to 
flexibility in the joints, and the matching property 
between nonlinearities and inputs is lost [5]. 
Performing high-precision applications by a flexible 
joint robot seems to be difficult since the link 
position cannot directly follow the actuator position. 
As a result, the flexibility in joints should be 
compensated or controlled to improve the 
performance and avoid unwanted oscillations.  

The flexible-joint robot manipulator 
particularly presents serious problems such as 
nonlinearity, largeness of model, coupling, 
uncertainty, and joint flexibility in the modeling and 
control [6] which affect its tracking performance. To 
address this problem, much research interest has been 
attracted especially in the areas of control of the 
tracking performance [7, 8, 9] and stability of the 
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robotic manipulators. Many works have been carried 
out for the performance improvement of the flexible 
joint robot, such as Proportional Derivative (PD) 
control in [10], singular perturbation theory in [11], 
robust control in [12], sliding mode control in [13], 
adaptive control in [14], fuzzy control in [15] and 
state observer-based control [16]. However, while 
most of these advanced control methods have been 
proposed, few such as the robust, adaptive, state 
observer etc. have been confirmed to be more 
effective due to their robustness properties and design 
characteristics. Mixed Sensitivity (MS) Synthesis is 
one of the robust controller design techniques that 
make use of weights to augment the plant for a 
controller design through loop shaping based on 
robustness specifications. It can handle single input 
and single output (SISO) systems likewise multiple 
input and multiple output (MIMO) systems.  

 
2. LITERATURE REVIEW 
2.1 Flexible Joint Robot Model 

Despite its numerous advantages, the 
flexibility property of the flexible joint robotic 
manipulators has been considered a common problem 
which can affect the performance of the robotic 
system if not taken into consideration during the 
design stage. Due to this problem, several dynamic 
models have been proposed for the flexible joint 
robot. While some of the researchers considered only 
the mechanical arm dynamics and ignore the actuator 
dynamics, some others considered the features of the 
actuators including the gear dynamics in the models. 
Moberg [17] presented an elastic model of the 
flexible robot manipulator he termed, lumped 
parameter model. Considering the robotic 
manipulator with elastic gearboxes, i.e., elastic joints; 
this robot can be modeled by the so called flexible 
joint model which is illustrated in figure 1. The rigid 
bodies are connected by torsional spring-damper 
pairs.  

 

Figure 1: A flexible joint dynamic model with 6 DOF 
[17] 

 

2.2 Theory of Mixed Sensitivity Synthesis (Mixed 
synthesis) 

Mixed synthesis is a robust controller design method 
which depends on the weights in order to generate 
desired control signal to control a plant. The design 
of a control system using mixed synthesis amounts to 
the shaping of its sensitivity functions to achieve the 
design targets of the closed-loop system performance 
and robustness. It was applied mostly in areas where 
control of the plant is very difficult either due to 
model uncertainties or high level of disturbances. 
Solving the mixed sensitivity problem of the 
sensitivity S over KS problem is defined by a general 
relation for the Single Input Single Output (SISO) 
system.  
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Where K is the controller to be designed, L is the 
open loop gain. 

In the case of optimal robust control the problem is to 
find a controller K that fulfills the following 
condition [18]: 
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The optimization factor �, augmented model P and 
robust controller K, the mixed-synthesis algorithm 
search is based on the iteration procedure. After 

performed analysis of the singular value �  of the 
closed-loop function T the mixed-controller should 
pass the condition in the frequency domain [18]: 

 

������(��)��∈�
���

≤ 1              (3) 

 
The robust controller involves the plant model and 
the weighting functions. Two weighting functions are 
designed to shape performance of the closed loop 
system. The weighting function W1 was put on the 
error signal from the difference between the actual 
output and desired input and W2 was put on the 

control signal. The design process of weighting 
functions was described in [19]. The mixed-controller 
was computed by function mixsyn provided by 
Robust Control Toolbox [20]. Quality of the 
vibration control is evaluated by using sensitivity 
function which is given by [21]: 

 

� = (1 + �)��                  (4) 

 
 

The open-loop function is equal to L = K × P, where 
K is the controller and P is open-loop.   

 
3. METHODOLOGY 
The flexible joint robotic manipulator dynamic model 
is an elastic, lumped parameter model with elastic 
gearboxes, i.e., elastic joints. The rigid bodies are 
connected by torsional spring-damper pairs. If the 
inertial couplings between the motors and the rigid 

links are neglected, the simplified flexible joint 
model was gotten. If the gear ratio is high, this is a 
reasonable approximation as described in [12]. The 
motor mass and inertia are added to the 
corresponding rigid body. Considering the flexibility 
of the flexible joint robot, the total DOF becomes two 
as demonstrated.  

The model equations of the simplified flexible joint 
model are: 

 

��(��)�̈� + �(��, �̇�) + �(��) = ��        (5) 

�� = �(�� − ��) + �(�̇� − �̇�)          (6) 

�� − �� = ���̈� + �(�̇�)         (7) 

 
 

where joint and motor angular positions are denoted by �� ∈ ℝ� and �� ∈ ℝ�	respectively. 
��  is the motor torque and ��  is the gearbox output torque. � ∈ ℝ�	�	�  is a stiffness matrix and 
� ∈ ℝ�	�	� is the matrix of dampers. �� and �� are the joint and motor inertia matrices. A vector of 

friction torque was introduced into the model and described by �(�̇�) ∈ ℝ�. The friction torque is 
here approximated as acting on the motor side only. 
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Figure 2: Flexible joint model of the manipulator 

In robotic applications, the joint flexibility cannot be neglected and the joint flexibility of the 
flexible joint robot can cause poorly damped oscillations. Thus, the joint flexibility should be taken 
into account in any flexible joint robotic modeling.  Considering the robotic link rotating on a 
horizontal plane and actuated with a motor through elastic joint coupling as shown in figure 2. Let �� 
be the link angular displacement and �� be the motor angular position. Typical flexible joint robotic 
arm dynamic model can be described by the dynamic equations as presented as follows: 
 
���̈� +������(��) + �(�� − ��) = 0        (8) 

���̈� + �(�� − ��) = �          (9) 

The transfer function, in s-domain, of the system is given as follows: 

�(�) =
�

�������(�������������)�������
                  (10) 

 

Table 1: Flexible joint parameters [22] 

Symbol Description Value 
�� Inertia of flexible joint robotic manipulator 0.03kgm2 

�� Inertia of the flexible joint actuator 0.004kgm2 
� Gravitational acceleration 9.81N/m 
� Distance to center of gravity of the manipulator rotational link 0.135m 
� Mass of the link 0.6kg 
� Flexibility coefficient of the joint 31.0Nm/rad 

 

 



New York Science Journal 2022;15(01)                          http://www.sciencepub.net/newyorkNYJ        

 

http://www.sciencepub.net/newyork                                              newyorksci@gmail.com 24

The controller design for the tracking performance improvement of the flexible joint robot involves 
feedback mechanism as shown in figure 3.  

 

 

Figure 3: Controlled system with the augmented function 

 

The design objectives for robustness characteristics are [23, 24]: 

i. To reduce the tracking error to value close to zero  
ii. To reduce the damping time to value less than one 
iii. To increase the gain margin to greater than or equal to 20dB  
iv. To increase the phase margin to greater than or equal to 60deg 

 

4. Results and Discussion 
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Figure 4: Damping time for the existing flexible joint 

In figure 4, the damping time is at infinity and this means that the system did not settle or was not damped 
properly and it is continuously vibrating.  

 

 

Figure 5: The stability margin graphs for the existing flexible joint 
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From figure 5, gain margin of 22.8dB, phase margin of 3.21e-12 deg were recorded and the system was 
unstable. 

The controller design results for the flexible joint robot using mixed sensitivity synthesis are presented as 
follows in figures 6, 7 and 8: 

 

Figure 6: Step response of the improved flexible joint 

 

Figure 7: Tracking performance of the improved flexible joint 
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Figure 8: Stability margin plot of the improved flexible joint 

 

Continuous-time state-space model of the developed controller K is as follows: 
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5. CONCLUSION 
The damping time of the flexible joint model was at 
infinity and this means that the system did not settle 
and it is continuously vibrating. As a result, the 
flexible joint will keep vibrating until it heats up and 
break down. Gain margin of 22.8dB and phase 
margin of 3.21e-12 deg were recorded and the system 
was unstable. 

Applying mixed synthesis, the flexible joint robot 
achieved damping time of 0.993seconds. This means 
that it takes the joint 0.993 seconds to achieve its 
equilibrium or settle back to its normal function after 
encountering disturbance. The oscillation at the joint 
has been cancelled and the joint can function 
optimally for a long time without experiencing a drop 
in its performance level. The mixed synthesis 
controlled flexible joint achieved tracking error of 
0.0214dB. This indicates that the difference between 
the actual output and the desired output is 0.0214dB, 
which is very low and negligible. The mixed 
sensitivity synthesis controller achieved gain margin 
of 24.9dB and phase margin is 86.9degrees. The 
results satisfy robustness characteristics of 
performance and stability. Hence, the joint can 
withstand disturbance and maintain its optimal 
performance in the presence of disturbance. 
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