New York Science Journal 2018;11(8) http://www.sciencepub.net/newyork

Fuzzy differential equations solution approaches
M. Shokry and B. Kamal

Department of Physics and Math, Faculty of Engineering, Tanta University, Egypt
belmahmoudy@gmail.com
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1. Introduction: In this study, we investigate a differential
Fuzzy differential equation (FDE) has been equation with fuzzy boundary values. We define the
rapidly developing in recent years, and has attracted problem as a set of crisp problems. For linear
many researchers. The use of FDE is a smart way to equations, we propose a method based on the
model dynamic systems under uncertain information properties of linear transformations. We show that, if
[25]. The nation of fuzzy derivative was first induced the solution of the corresponding crisp problem exists
by (Zadeh and Chang) [9], it was followed up by and is unique, then the fuzzy problem also has unique
(Dubois and Prade) [10], also other process has been solution.
discussed by (Puri and Ralescu and Goetschel and Moreover, we prove that if the boundary values
Voxman) [20, 12]. are triangular fuzzy numbers, then the value of the
The concept of differential equation in fuzzy solution is a triangular fuzzy number at each time. We
environment concepts was formulated by (Kaleva) explain the proposed method on examples. We find
[17], using of Hukuhara or generalized derivatives the analytical expression for solution of second-order
solution turns fuzzier as time goes by [11]. But (Bede) linear differential equation with constant coefficients.
found that a large class of BVPs has no solution if
hukuhara derivative is used [3], so to overcome this, 2. Basic concepts
the concept of generalized derivative was developed In this section, we will illustrate the fundamental
[2, 7]. (Khastan and Nieto) found solutions of a large concepts and facts related to fuzzy differential
class of BVPs using the generalized derivative [18]. equations. According to Zadeh [25], a fuzzy set is a
(Stefanini and Bede) by the concept of generalization of a classical set that allows the
generalization of hukuhara difference for compact membership function to take any value in the unit
convex set and introduced generalized hukuhara interval [0, 1].

differentiability for fuzzy wvalued function, the

ettt that [2 23] Definition 2.1 1-4] Let ¥ a nonempty universe

Recently, (Gasilov) solve the fuzzy initial value and fuzzy set (4) in is a function
problem by a new technique (}inear t.ransforrrllation) EH [U,l],Where ulx) is the degree of membership
[13].and .(Barros) solvg fu;zy differential equation by of ¥ I A when & (x) goes closer to 1, the ¥ is more
fuzzification of the derivative operator [6]. ’ P ’

Due to the wide applications of the second order considered to belong to™, but when it goes closer to 0,
ﬁJzzyrtdiffetr)e:ltial eq?fgj’n’ itdi.sffconsifielred astjthe mé’St the * is less considered to belong to
important between all fuzzy differential equations, So, A= X
Many researchers have worked on the second FDE, ((r.uC0).xex) _

(Wang and Gue) [28] solve second order by Adomian, Definition 2.2 [1-4] Let Apea fuzzy set inU, the
(GaSHOV.) [13, 14] solve by lincar transformation, support of A s the crisp set in all elements in U with
(Ahmadi) apply fuzzy Laplace transform [20], non-zero membership

(jamoshidi and Avazpour) found way by shooting iy —
method [16], while (Rabiei) solved by improved runge lnﬂ-jm () = {xr £ 414(x) > 0)
kutta [22], Finally (Mondal and ray) solved in fuzzy

environment analytically [26].
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Definition2.3 [1-4] Let * be a fuzzy set in", the
U

core of 4 is the crisp set in all elements in

A

with
membership in

| Cora() =[x € A14G) = 1)

equals

Definition 2.4[1-4] Let “* be a fuzzy set in™. 4 Is
called a fuzzy interval if:

6] A is normal: there exists *® € F then
Alxgd=1

(ii)"':j is Convex: for all **¥ & Rand0< i1,
it holds that

Mm+u—ﬂﬂzmmHMA&m
(iif)

As upper semi-continuous
A(xp) =z lim __+ A(x)

Z(;TFN = (ay,ay,a3, w);

xX—a v
<x<
(uaz_al ifap<x<a
w ifa, =x
HE) =3 g . / :
— ifa, < x < aj
az—as

0

H(x )

|

. ——
(iv) [A]" = supp (4] i compact subset of R.
Definition 2.5: [12,23] Let A be a fuzzy set then,

418

o — cut of A the crisp set of 41 that contains all

elements with membership greater than or equal®.

Where: @ e]01][4]F = {x € Rl4d(x) = a}

— &

[A]% = [af. ﬂ'?]. Where af is lower and %2 is upper.

Definition 2.6 [3,17]: Generalized triangle

fuzzy number CTEN

We can say that this number is a special case of
generalized trapezoidal fuzzy number when the core
becomes point not interval.

Fig. 1: triangle fuzzy number

N 1, we can get triangle fuzzy number.

Definition 2.7: generalized trapezoidal fuzzy number (

Agrrnis a subset of IFN in R

Agrrn = (a1,a,a3, 04, W);

with following membership:

X
a; a; as
PES! .
ol ‘f: '\l
"\
‘I ~
§ 2 \
I/v' : '\l
' Gl \
‘ ( \
al a2 a3l a4 4
representation

w—=% ifa; <x<a,

Jw ifa, <x<as,

ux) = . ;
ifaz <x < ay

as—as
0 otherwise
Flg 2- GI'rEN
At @ = 1 , we can get trapezoidal fuzzy
number.

Definition 2.8: [11], distance between two fuzzy
intervals

Let 4 and B are two fuzzy intervals then,

Hausedorff distance [11] between [A]%and [6]*

91

is; = CA1%. [B1%) = max (laf — b1, o — b%1) g
using Hausedorff distance, it is easily to find the
distance between two fuzzy intervals which can be

written as following
D(A.B) = SUPre[n1] d}f{[fﬂ 5, [E] %)
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Definition 2.9: [10], Let %Y 818 2 a6 fuzpy
numbers, and there exists X=y+z

Then, Hukuhara difference is
z=x8y=[zfzf] = xf.x§1 © [yf. »f] =

[xf — v x§ — 5]

, Where ¥ 5 ¥ ¥ + (=),

Then, Generalized Hukuhara
z=x8gy = [=f,z5]

then; zf = min[(xf — y), x§ — ¥F)]
zf = maxl(ef — ), (2§ —yF)]

Definition 2.10: [4-7,23], The generalized
hukuhara first derivative of a fuzzy parametric
function is defined as;

f (todis (D _gifferentiable if

difference is

L9
f (ta) 15 U _gifferentiable if:

f.(t[_\:] =1

.

Definition 2.12: [26] Let[*1(b@) #2(Ea)]
solution of any fuzzy differential is called a strong
solution, if

dxy das
R s 0, < v € [0,0],x,(8) < x2(8)

Otherwise it is called a weak solution.
3. Fuzzy boundary value problem in different
approaches

Fuzzy differential equations play an important
role in increasing number of system models in
engineering, physics and other sciences. For example,
civil engineering models like a queuing model for
earthwork and a model of oscillations of bell-towers.
in modelling hydraulic, Fuzzy differential equations in
modelling hydraulic differential servo cylinders by
Bede and Fodor. Also the use of fuzzy differential
equations to model dynamic systems and Oscillatory
problems under uncertainty conditions.

There are many approaches in solving the second
order FDE. These are

a) The First approach is the method based on
linear transform. Split up the problem into two parts,
corresponding crisp problem and the fuzzy problems.

b) The second one is Hukuhara or generalized
derivative. There is some difficulty in using Hukuhara
derivative approach. To overcome the difficulty
generalized derivative was developed.

r[ﬁ‘{tn, ct:l..f;{tn.. Et:]] if f is (i) — dif ferentiable )
claz={1,1) L
[ (tg, &), fi (g @)] if £ is Cii) — dif ferentiable

class(2

(£ (tpe ). fi (tgo &) ] if f is (©) — dif ferentiable )
class(1.2) |
(£ (ty &) f (tg. @] if F is (i) — dif ferentiable

class(2,1) A
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; i Fltg+RlEgpf ey
flg) =limy y————

R , From the definition,
we have two classes:
(1) -differentiable at £
[f (to)le = [A(to. ). £ (5. 0)]
(1) -differentiable at ty

[f (to)la = [flte. e, fi (tg. )]

Where, fi is the lower and fz is the upper.

Definition 2.11: [23, 24], The generalized
hukuhara second derivative of fuzzy function is

"(t) = lim,

defined as; f(#) = limy o 2

According to the Definition 12, we have the
following classes:

fleg+hlSgnf ()

(2.2) J

¢) The third approaches are extension principle.
In this method, we solve the associated crisp
differential equation and then fuzzify the solutions.

d) The another approaches is numerical solution
of this FDE.
3.1. first approach

In this section, we are going to introduce the first
approach the method based on linear transform. Split
up the problem into two parts, corresponding crisp
problem and the fuzzy problems. In some applications,
the behaviour of an object can be determined by
physics laws and these laws give crisp solution.
However, if the boundary values are obtained by
measurements with some errors, so these values are
uncertain and it is more suitable to be modelled by
fuzzy numbers and this gives rise to BVPs with crisp
dynamics but with fuzzy boundary values.

consider the fuzzy boundary value problem with
crisp linear differential equation but with fuzzy
boundary condition.

x + ﬂ.j_'itj.r' + a (B)x = fFlE)

x(t) = 4 xT)=§
According to the approach, we will rewrite the
A=ay+d g4 B=hby+h

3.1)

boundary condition
this way of writing the condition may be the meaning
of transformation that we can see the uncertain parts
have been moved to vertices at zero.
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So, The problem is splited into two problems:
1) Associated crisp problem (certain
2) x +a,tlx +a,(Bx =F(H)
x(tp) = agy x(T) = by (3.2)
3) Homogenous problem with fuzzy condition
x talt)x +ax(t)x =0

x(t) = a (T) =5 33)

Easily it can be estimated that the final solution
for equation (1) will be x() = xer () + xun(®) ,
which are the solutions of (2) and (3), the solution of

problem (2) is can prepared by many analytical
methods, but it is different at problem (3), the solution

*un(E) of problem (3) is assumed to be a fuzzy set £

of real function such as x{ﬂ’ each x() must satisfy

the differential equation and must have boundary

conditions & and & from the fuzzy sets a and E, where
the membership of the solution at least meets the least
membership of its boundary.
£ = [x=(t) |_rr' + u.,_{tj].r' + a:{ﬂx = U:x{tnj =
a;x(T) =baecdbe k)
(3.4)
With membership function
palx(®)) = min {ua (@), up (b)Y
Let us illustrate the solution methodology,
Here a crisp case of second order linear
differential equation;
x Laltl +a,(Hx=0
xpd=a #T)=1b

(3.5)

(3.6)

Let * 1and x, be linear independent solutions of
the differential equation, Then the general solution
x(t) = oy x%, + o,

For evaluating the constants:

Ic‘lxl{tn:] + x4t} =a

£,%, (T) + 6,x,(T) = b (3.7)

This linear system in (7) can be represented in

x,(ty)  xa(2)

M=
matrix form "¢ =% \where 1, (T) 2 (T) :
I &
“ [E:]-u = [E:]
Then the constant is
—_ -1
c=M"tu (3.8)

Let us consider S =L, () x, ()] be a
vector-function of linear independent solution, then
the general solution is

@ =@ %01[}]=50.c )

93

From (8), x(t) = S(E). M ~*u And  Let

wi(t) =5 M _1’ then we get the final form of the
general crisp solution.
x(t) =wltu = w,(a +w, ()b (3.10)

According to (10) and Linear transformation
properties, we can say that the solution of the fuzzy
boundary problem is

2(t) = wit)t = wy(a + w, ()5 (3.11)

Lemma 3.1. f{ﬂ, the value of the solution of
(2.20) at a given time, is well-defined as a fuzzy
number.

Proof. According to (2.22), an &~ Ut of ¥ i
expressed as
2= {x(D))x +a,(x +a,(E)x = 0;x(,) =
axT)=hac @,a_c] bE @b_c]}
, (2.29)

Let linear independent solutions of (2.6) are
known then, according to (2.28) and (2.29).

r,={xtx=w.wu="{a.b:ac EJETLT]:EJ =

[ B2]}

, (3.12)

Consider a fixed time ¢ and let ¥ = w{t]’ then

¥y ={v.uue @ﬂ-_c] % E’E]} (3.13)

Consider the transformation T(u) = v.u and 2

Fyp = |Gg Oy | % (b b
is the image of ~ fa u.c] b ®

transformation T{H]
Let us, discuss the case of triangle boundary

] under linear

values. If a and b are triangular fuzzy numbers, the

o — CUES of the region R'=(ab are nested similar
rectangles, their images are intervals that also are

2@ = (x,(£).0. T5(8)

nested and similar, then to
calculate %ot and x_,_,{t] .
L G=(@0m)  B=(0b)
'W{t:] = ':W'j_{ﬂ.-u": {t:]:] Then
xp(t) =
max [ayw, (8), Tow, (8 ] + max [bgw,(8), bow,®) |
(3.14)
And,
ﬂ{ﬂ =
min [agw, (), Ggw: (9| + min [bgwa (8), Bowa (9]
(3.15)

Note also that
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1,0 = [x, @ @] = @ - ),y @

Then,

f':ﬂ = Ur'j_{i:] i + W, {ﬂ E (317)
3.2 Second approach

In this section, the study concerns with the fuzzy

effect and wusing the generalized Hukuhara
differentiability on the following FBVP [24]:

() =
p¥ (x) + g7(x) (3.18)

(3.16)

According to the following fuzzy boundary
conditions

¥lxg) =4, F(xp) = b, (3.1%)
Where P and q are constants, dandb are two

generalized trapezoidal fuzzy number represented as:
&= I::ﬂ-l_. Clg, O, Oy x ﬁt:':] Al’ldg = {bj_.- EJ:_.EJ!_. 54: C;:.'l:]

The lower and upper values of a and b are given
according to Table 1:

table 1:the lower and upper values

Lower values Upper values
. _ aa, —a;)
= [a.al, Ezﬂﬁm g:gi_iT
&
= ) (b, — b — (b, — bq
BE=[bb], b= b+ {(b; —by) b= b, — {(by — by)
o o
Solution of fuzzy boundary value problems r 01 0 Dgr
Class (1, 1) ul _|lg ¢ 0 0fu
The FBVP (1) can be written as: z| |0 @ 0 1)]=z|
y (o) =py e +q9xa) () = ' 0 0 g pliw (3.24)
a. (pa) =b, Where2 andy = :
(3.20) . . )
So the lower and upper solutions are given by:
And ] el
y (xa) = p.y (xa) + .yl al, (xpoa) = ylea) = ce e (3.25)
& bge) =k S
(3.21) yooa)=cie2 4o, (3.26)

In order to get the solution of (3, 4), we write
these equations in the following system:

dy =p+4p?+4q.
And the constants®t*F2: €2 and ¢, can be obtained

by applying the fuzzy boundary condition given by
Eq. (3, 4).

kL

jxp+dar dyxptdyx dyxp+dyxr dyxp+dzx

ale F] —-g F] J+B (g F] —-g F]
L P e A

(& F —& F

s (3.27)
yix.al=

dyxp +dzx dyxp+dyx dyxg+dyx  dymp+dgx

ae— = —& I J+bg =T —& 1

dy xp+dzmpy dzxptdyxp

e F —& F

(3.28)
Where. 2- @ bandb

Class (1, 2)

values from table 1.

d; =p+4p? —4q,

Where, dy.dz 8zand dy 56 constants given by:

:p_'\'.lm-' =i'9_*f"m
¥ & a) =p.yxa) +q.50xa) 7 xpa) =
& (xpa) =B,
(3.29)
y'(xa) = p.y (ra) + q.y(x.a),ylxpa) =
a, (xpal =0

(3.30)
The general solution:

= =d Zd Zd
viza)=cie2 P4 e@r gt 4 oyet

(331) . ~
Fle, ) = g,02 % (1 = diﬁfq}) + o2 (1 =
d:{p.-’rq}j + "-’ngdg + fr'4ﬂ‘§d1

(3.32)
Class (2, 1)
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}_{x o) = p}_{x ) + Q-E{Is o), 7(xp.0) = &,
_‘J?{J.’a_. I:f.:] = EJ—.-

(3.33)
Y a)=pylead +q.7xadybopad =g
E{xﬁu I:t:] = é.'

(3.36)
Class (2, 2)
via =py ke +qixafkua =a
ylxp.a) = b,
(3.37)
y el = p.y(x ) + q.¥0x. el y(xpe) = g,

(3.34) ylxp.a) = b,
The general solution: (3.38)
yCead = £,07°% + 01t 4 et o e The general solution:
(3.35)
F(x.@) = —c,02" 4 g0 — g 07 + g 017
yira) = c e 4,02 ® 4 e g e
(3.39)
=-X X -1 X
Flx,a) = _ELE’sz + i’:‘?;dg - ﬂzﬂ'Tdi + "49?11* (3.40)
4. Applications The general solution is given by
Example 4.1. szt
Cponsider the following FBVP y(t.a) = (0482 +7.3)107%¢ = +(0.285a +
Y = 55'® + 49, §0) = (0.81,1.1,1.3:0.7), 079y
(1) = (26,2.83,3.40.7)
Class (1, 1)
AT [5—at}e

[5+3T

Flt.a) = (9.2 - 1.4a)107% 2z

Also, for different values of %, we plotted the

lower and upper solutions in Fig. 3, and we listed the
lower and upper solutions for = 0.5 in Table 2.

Fig. 3: The lower and upper solution class (1,1) of
Example 1for o= D,0.5,0.7

Class (1, 2)

The general solution is given by
y(ta) = (0.7 — 0.74a)e™ + (0.242a —

[5—31)e
0.226)6F + (0.78c +0.312) = +

(54T

(0.002 — 0.005%)e 2

+(1.29 — 0.284a e 2

Flt.a) = (0.7 - 0.74a)e~* (—(3/,)) +
(0.242a — 0.226)e7"(-9) + (0.78a +

[5—F1E
0.312)e = 4 (0.008 —

[s+.3T0e

0.005%a)e =

B 3 a 5 6 7 8 ° o

Fig. 4: The lower and upper solution class (1,2) of
Example 1for &= 0,0.5,0.7
Class (2, 1)

The general solution is given by

[5+3L)e

(£, ) = (0.0054 — 0.0067c) e%F + (0.0083 — 0.00047)e 2
¥

(5—3T)t

£00.20¢ — 0.255)&" + (0.00047e +1.04) =

95
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[
}_-'{t, a) = —(0.0054 — 0.0067 ) e + (0.0083 — 0.00047a)e 2
(5—3E

—(0.29c — 0.255)¢" + (0.00047c +1.04)e 2

Fig. 5: The lower and upper solution class (2,1) of Example 1for & = U,O.S,O.7

Class (2, 2)
The general solution is given by

—

—I[5—~a1)e (5—31)t
..

y(t.a) = (-0.071« —0.198)e” z 4 (1.042 - 0.0014a)e 2

—[5=31 It

+00.337a — 0.0517)e” = +
(52431
(0.0014z +0.0083)e =
and
—(5—3T)t [5—at)e
vt e} = (0.071x + 0.198)e B + (1.042 — 0.0014a)e 2
—[5+-31)t [5+-3T)¢
—(0.357a — 0.0517)e” 2 + (0.0014a + 0.0083)e 2
Fig. 6: The lower and upper solution class (2,2) of Example 1for * = U,O.S,O.7
From Fig. 6, we notice the intersection between become outer band at different t so, we can check the

the solution and this indicates that this class represents

. . ) variation with®in Table 2.
a weak solution which means that the inner band may

Table 2: The lower and upper solutions of Example 1 for £=0.2
Class (1, 1) Class (1, 2) Class (2, 1) Class (2, 2)
a |yt al v, a) y(t. a) (¢, 2) y(¢. o) it &) y(t. a) v, a)
0 0.6857 1.0684 0.3239 1.4576 0.4958 1.2583 0.5925 1.1616
0.1 ]0.7066 1.0459 0.3827 1.3946 0.5383 1.2142 0.5868 1.1720
0.2  ]0.7275 1.0234 0.4416 1.3316 0.5807 1.1702 0.5811 1.1825
0.3 10.7484 1.0009 0.5005 1.2686 0.6232 1.2610 0.5754 1.1930
04 ]0.769%4 0.9784 0.5594 1.2056 0.6656 1.0821 0.5697 1.2034
0.5 10.7903 0.9559 0.6182 1.1426 0.7081 1.0381 0.5640 1.2139
0.6 ]0.8112 0.9334 0.6771 1.0796 0.7506 0.9940 0.5583 1.2243
0.7 ]0.8321 0.9109 0.7360 1.0166 0.7930 0.9500 0.5526 1.2348

96
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yit.a)
From Table 2, we conclude that = 1S

increasing and ¥(&a) i decreasing

Then, the solution is a strong solution for class
(1,1), (1,2) and (2,1) while the solution of class (2,2) is
a weak solution

Example 4.2. Solve the following FBVP

x —4x +4x=1-2t7
x(0) =234 (1) =01.225)

Solution;  we  represent  the

2(t) = 2, () + Fn(£)

1) The Solution Zer(t) of the crisp non-
homogenous problem

2) ¥ —4x +4xr =1 - 2¢°

solution

(00 =3 =z(1) =2
Then,
w0 == + 137 + 35(1 — £)e™ +
ﬁl-tg:':r_lj]

3) The solution Zun(t) of the fuzzy homogenous
problem:
x —4x +4x =0
x(0 =(-101) (1) =(-1,00.3)
Then, S® =lr,® %, = [¢¥  te¥]
xl{tn:] x:{i'n:] 1 ]
] - [a: {-‘:]’

]

M=l @

wit) =5 M1 =

[{{1 _ t:]e“:] tg:[t'—lj]'
Then, &) =w, ()& + w, (£)5
[(1-£)e*™(-1,01) +
(£e2=0)(~1,0,0.5)]

4) The Final solution #(th = 1, (8] + 7, (0

In this example, the final solution will be

represented by using %7 CUL levels and this

representation is very important because it can give

more data about the solution in different membership.
we can get

xp(t) = (£ — 1)elt — £g2lE-1
Xglt) = (1 —t)e™ +0.5te*(

Singe Fe® = (1= @) ERGERE)

97

Figure (7) is the & = CUE Jovels solution of example4.2

As it shown in figure 7, the solution of the
problem in example 4.2. and this figure is diagram of

xﬁ’{ﬂ with different levels of & the black dashed line
is the crisp solution or the solution at % = 1 and the
blue dashed lines are the solution at ® = 0.7 while the

red dashed line at ® = 9 banded with the upper and
lower solid black lines and can be called O-cuts.

Conclusion:

In this paper; the analytical solution of a second
order differential equation with fuzzy conditions by
using Gazilov way in linear transformation approach.
From the results we confirmed that the solution
existence and uniqueness due to the uniqueness of the
crisp solution of the corresponding crisp problem. And
also the analytical solution under generalized
hukuhara differentiability and its advantage in solution
and more data with more classes but the disadvantage
in the switching points, a comparison between the two
different approaches expand the way of research in
this point.

So, in the future research we will solve the same
problem but with adding a fuzzy non homogeneous
term.
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