Academia Arena 2014;6(9) http://www.sciencepub.net/academia

On A Characteristic Problem For A Third Order Pseudoparabolic Equation
A. Maher 1, Ye. A. Utkina®

" Department of Mathematics, Faculty of Science, Assiut University,71516, Egypt.
a_maher69@yahoo.com
Current Address:
Dep. of Math. ,The Teacher’s in Makkah, Umm Al-Qura Univ. , Makkah, P.O Box 2064, KSA
* Department of Differential Equations, Kazan State University,18 Kremlyovskaya St., Kazan, 420008,
Russia.

Abstract: In this paper, we investigate the Goursat problem in the class

c*! (D) ~C™? (D U P) NC° (D U Q) for a third order pseudoparabolic equation. some results and one

theorem are given concerning the existence and uniqunce for solving the suggested problem. Our work is considered
as a continuation of the results in [3-7].
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1. Introduction boundary of their definitions ( co-ordination
In the domain conditions) as satisfied.
D={(x,y); %, <x<x, 0 <y <y} v'(x0)= @1 (). wlxo)=0(v0).
we consider the equation where
L(u) =u, +au, +bu, +cu +du +eu= f;(1) 9(y)=0o(¥)w(x)=wo(x).
where When nl = 0, n2 = 1, m = 0 in this statement, the
a,b,cd,e,fe C+? ( D), Goursat problem considered in [5] is obtained. We

should note that the Goursat problem for (1) is the

The special cases are encountered during the most investigated. The cases 7, = 2,1, =1,m=0;

investigation of processes of moisture absorption by

plants ( see, [8]), where the class C*" means the m =0,ny =2,m=0; m=0,ny =lLm=1;
existence and continuity for all derivatives n=2n,=lm=1; n =0,n,=2,m=1are
ot /&' (r =0,..k;s= 0,___,1)_ investigated in [3]. We will consider one of the

variants through searching formulas for the definition
of the boundary Goursat value. Our work is
considered as a continuation of the results in [3-8].
More precisely, See in more details ( [1], [2], [6] and
[10])' . . .
To find the function " In order r}olt to exce.elihtr)lglg f1‘nc.rease tlégt§1ze og
max(n n m is paper, mainly, we will be defining conditions o

ueC*! (D)yNC 0 (DwP)N c (DUO) equarl)itgl and typez for the initial Valuesgthat provide
which is a solution of Equation (1) in D and satisfies for the chance to calculate the boundary Goursat
the following conditions value. Thus, in the final formulation of the obtained

m _ n _ ) result we should assume that the initial values are
Dy u(xo’y ) Py (y )’DX u(xo’y ) Pn, (y )’ sufficiently smooth. However, these smoothness

We will call the solution of the class as a regular.
For this equation, we investigate the following:

2. Formulation of the Problem

0 0 € C! ( P) @) conditions can be formulated checking carefully what
men smoothness is required by all the stages of the
D;n u(x, Yo ) =y, (x)’ v, €C 2 (Q)’ (3) conducted considerations.

Let us turn from the general statement to the

where one that is immediately studied in this paper.
yeP= [yo,yl],xe 0= [xo,xl]
Here, we consider the conditions of function Problem: To find the function

coincidence for the right parts (2) and (3) on the
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ueC*'(D)nC™(DUP)NC*(DUQ)
which in D is the solution of Equation (1), which
satisfies  conditions (2) and (3) when

n=0,n,=nm=0.

The proposed problem consists, probably, of
finding @(y). In order to reduce to the Goursat
problem. Let us first integrate Equation (1) with

respect to y within the bounds fromy, to
v(¥,,y € P) and then in the obtained relation, we
direct y, to y

3
1, (6, 3) = (%, 39) + [ale,mu, (x,m)dn +

Yo

+b(x, y)u, (x,y) =b(x, yoJu, (x,y) +

+ JeComu, (emydn +d (e (x,y) -

Yo

—d(x, yo)u (x,)+ [{=b, (e, (x,7) -

—d,(x,mu (x,n)+e(x,mu (x,n)}dn =0.

Differentiating this relation (n - 2) times with respect
to x, we obtain:

Dlu(x,y)- D u(x,y,)+

+ ID;‘Z[a(x,n)un(x,ﬂ)]dﬂ +

Yo

+ DIb(x, y)u, (x,9)] -
- D:_z[b(xayo)ux(xayo)] +
+ [ DI LeCe,myu, (xe,m)ldy +

Yo

+ D:_z[d(xay)u ()C,y)] -
= D!7d(x,y)u (x,p,)] +

+ [4=DI2 b, Grom)u, (x.1) -

Yo

=D 7[d, (x,n)u (x,7)] +

+ D le(x,m)u (x,n)l}dn = 0.

Directing y  to X, , we obtain:

38

0, (»)-90,(y,)+

+ [ X ci.pilatxe,mlp, (n)dn +

Yo i<n-2

+ z Cri—zDi[b(x()a y)]¢n_(i+1>(y) -

i<n-2

- z Cri-zDi[b(xo» yo)]¢n-(i+1)(yo) +

i<n-2

,
+ [ X CraDieCg e, i (1)dn +

yuiﬁn—Z

+ Z C:;-zD,i[d(xoay )]¢n-(i+2)(y ) —

i<n-2

- z Cri-zD,i[d(xo» yO)]¢)n—(i+2)(y0) +

i<n-2

+ [{=2 CoaDlb, (X0, 102y (1) -

Yo i<n-2

- z Crl;-zD,i[d:; (x4, 77)]¢7n-(i+2)(77) +

i<n-2

+ Y Cl,Die(x0.m)@, 0y (m)tdn =0,

i<n-2

Where
¢n—i(y) = D:flu(xo,y).

The latter equation can be rewritten in the form:

DI7d (xy, M@ () + [ DI [e(xy,m) -
—d, (xo,m)]em)dn =r,(y),
where

W ==p,0M+e,(y,) -

,
— [ XC1DileCxy 1)~ d, (g DI, 1y (1)l —

yoiin—2
y . .
- [ Y¢i.Dilatx, e, (pdn -
yoiin—2
- Zciszi[b(any )]wn—(t#l) )+

i<n-2

)
+ [ YLD, (o )1, o () —

—
yoisn=2

.
- [ XCDllctey . ), oy (DT

yoiin72
- ZC:}zD; [d (X0 NP1y (V) +
i<n-2
+Q, (x4, 1) 4)
and
Q,(x,¥0) = D, CoaADLIb(x 0, YO)IP, 1y (Vo) +
i<n-2

+ Di[d(‘x07yO)]¢n—(i+2)(y0)}’
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When @, ; (2<i<n-—1) are defined through the

previous.
Thus,

0,0+ [ alxy,me, (mdn=1,.,(»),

Where
ln—l )= Dy (Y()) -

— [ Y¢lDilexy )~ d, (X 1DIp, o () -

Yo i<n-3

- [ ¥ ¢ Dilat.mle, . (mdn -

Yo isn=3

= > ClDUb(x4, ¥ @, 1y (¥ ) + S

i<n-3

Y
+ [ Y CDb, (o )@, ooy () —

Yo isn=3

[ XC . Dlle(xy P, iy (1) -

}i<n3

_ZC

i<n-2

+Q, (X0, 20)s

L [d(x0, 0]p, i (V) +

imilar
’
0,0+ [ alxyme, ;(mdn=1,,(»), )
Yo
where
lnfj(y) =¢n—j(y0)_

- J. zcn 2-j Y[e(x(ﬂn) d;] (x()777)]¢n (l+2+])(77)d77_

Vo iSn— 2—j

[ X Dilatr, e, . (-

yl<n2j

- zcn 2-j Y[b(x(ﬂy )]¢n (l+l+])(y )+

i<n-2-j

+J. zcn 2—j Y[b (x()777)]¢n (l+]+l)(77)d77_

Yo isn=2-j

_J. zcn 2— jDY[C(xO777)]¢H (l+]+l)(77)d77_

yoisn=2-j

- zcn 2-j Y[d(x07y)]¢n ey D)+

i<n-2-j

+Qn—j (x()’yo)v
The analysis of the formula (4) indicates that @( )

(01(31)9 (ﬂz(y)a@n(J’)a
®, can be written through the

depends on

where®, |, @, ,,...
following with the help of (5). It is clear that in the
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the
order to

end, we obtain

respects @( ). In
understanding of its construction in this paper
we will calculate the coefficient under @( y) .

integral  equation  as

simplify  the

We introduce the following notations:

> CiDi[b(x,,y)]=S,(n—4,b),

i <n—4

Y. Gl Di[b(x,,0)]=S,(n=5,b),

iy +i,<n-5

> CiDid(xy, )] =V,(n-5,d)

i <n-5

(6)

After that, we write /() through (), leaving

only those addends that do not contain integrals.
Then we obtain:

L) =4,.,0)-80m-4bp,,  (y)-
~Vi(n=5,d)p, ., (y) = D" (d)p(»).

Taking into account the formula (5) we have:

lnfl (y) = A/171 (y) -
=S, (n-4,b){- z C,iiil 41D,iz (b)(on—3—(i| +,) -

iy +i,<n—4
z C’;Z 11—41)12 (d)¢n4lﬁ(1l +iy) (.y)}
iy +i,<n—4
- V] (n _5’ d) {_ z Cli 75D12 (b)¢n~4 (ll +1,,) (y)

iy +r<n-5

— Y Cr DA, s iy =D (D) y) =

iy +r<n-5

=A,., ()-8, (n=4,)[=S,(n=5,D)lp, 5 ..., V)~
S, (n=4, B[V, (n—6,d)¥p, 4 (., )~

=V, (n=5,d)[-S,(n—6,b)lp, JHIIHZ)(y)

N =5, (n=T,)}p, 5 .11, V) +
+8,(n=4b)D " (d)p (1) +

W, (n=5,d)D" (d)p(y) =D (d)p (1)

It is clear that the substitution (5) should be continued
until 7 — j > 1. As aresults we obtain:
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ln71 (y) = An71 (y) - S1 (l’l - 4,b)[—S2 (l’l - Sab)] o
*{- Z Cli}—(il +iy)-5 D ;3 (17)(/’,1747(1‘l iy tiy) -

iy +iy+i3 <n-5
- Z C23—(il+i3)—5D)ir3 (b)wn—Sf(il +i2+i3)(y)} -
ij +iy+iz<n—5
-8, (n-4,b)[-V,(n—6,d)]e
- Z Cf—(il +z‘3)76D;3 BVP,5_;, +iyriny (V) —

iy +iy+iy <n—6

- Z Cfis—(il+i3 )—6 Dis (17)(0/1—6—(1‘l +iy +i3) (y)} -

iy +iy+iy <n—6

—Vi(n=5,d)[-S,(n-6,b)]
- Z C/iz—il ~6-i D;S (b)¢n757(il+i2+i3) -

iy +i,<n—6

- z Cfisf(il+i3)76 Df (d)(on—67(il iy tiy) W} -

iy +iy+iy <n—6

=V, (n=35,d)[-V,(n—6,d)] e
*{- z lets—(il+i3)—7D;3 (b)¢n—6—(1‘1 +i2+i3)(y) -

iy +iy+i3<n—T7

- 2 C/is—(il+i3 )—61))i<3 (d)¢n—6—(il +iy+iz) (y)} -

iy +iy+i3<n—6

=Vi(n=35,d)[-V,(n-T,d)]e
°{- Z lets—(il+i3)—7D)l;3 (b)(on—6—(il +i2+i3)(y) -

iy +iy+iz<n-T7

- z Cfﬁ(iﬁg)qu (d)(pan(il +i2+i3)(y)} +

ij +iy+iz<n—7

+8,(n—-4,b)D" " (d)p (y) +
+V,(n—5,d)D" (d)p(y) - D (d)p ().

Let us note that the index in the formulas of
types (6) S,,S,,V, and others means that in the
sum of the left part (6), the index with this number (
for example, i,,7,) is used. Besides, A () is

changed at each step of this process and is simply
introduced to facilitate the writing of this formula.
Using the abbreviations (6), we write the last formula
as:
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[,0)=A, )+ S(-4h)S,(1-5b)e
S,(1=6D)0 4, 1y VD' S(1-4D)S,(1=5b)
V(=T P, ¢ ity +

H'S 4DV, (6 DS(—=TD, 5 4, iy D)+
+H) S (=4 D=6 DV (1-8 D, ¢, i) )+
+ 'S (-4b)S,(=5HD > d)+
+HDH-5D)S,(1-6DSM1=TD, 5 ¢ iy D)+
DY, ((1-5d)S,(n~6 DV (-8, ¢ ¢, iy )+
+HD K5V, (n=T,d)S(n-8DD, 6 . 111D+
HD V-5 W5=T, W=D, 7., 15y ()
+HD'S (=4 bV, (n—6d)D " (d)+

+('S (-4 bV, (n—-6. DD (d)+

HD W (n=5,d)S,(n—6H)D ) (d) +

+HD W =5,V (=T, D)D" d)+
+8(1=4H)D " () + V(=50 () ly)-

Then, if we note

d=a,,b=a,,S,=V,S =8,
the coefficient under ¢()) can be written in the
following form:

> f[ -D'S, (n=3-2p+

k=0 p=1

k k
n-3-2p+ E o, — E i
p p=1"P (p=1 P

+ iap > aa,,,l)Dx (d)7 (7)

where & , can take the values of either 0 or 1, and

k
Hp:l

then §= 1. For ¢, ; (), where; > 1 we obtain the

is product of corresponding terms. If k= 0,

formula similar to (7):
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LW =A,_N=80n=3=j.)p, ()~
~Wn=4=j.d)p, o, () =D (d)ey) =
=A, () -S(n-3-j,b)e

o Z C,ilz,,-l 3 ng B, =Gy +iy) -

i) +i,<n-3—j
- Z Crizfirsijiz (d)wn—S—jf(ilJriz )(.y)}_
i)+, <n—-2—j
~Vin—4-jd)i= Y Cr DB, s i) (V) -

iy +ipy<n—d4—j

- D G DDy DD () =

iy +iy<n—d—j

=A, () +8(n=3-10)S,(n=3=j.D)p, 5 ; iy (V) +
=5,(1=3= .01 =5= J, D)W, s 0y O +
+N(n=3-j,d)S,(n=5-1.0)lp, 5 ; .., (V) +
V(=4 W (n=6= D, o, iy )+
+8,(n=3=j,b)D; 77 (d)p () +

T =4 DL ()~ () ().

Then, we obtain:

S T1ED™s, (-2-j-2p+

k=0... p=1

k 2-j2 @y i,
+>a,.a, )0 b @
p=l

It is clear that when j = 1, we obtain the formula (7).
Thus, (8) is true for j > 1. Substituting the obtained

results in (4), we extract the coefficient under ¢( )
D (d(xy, )W)+
+ 2, G Dby, ), () +

i<n-3

+ 3 CLLDAd(xy, )P, (1) =

i<n—4

=4, )+ D (. )W) +
+ 2, Gl LY, [T (DS, (n=3-i-2p+

i<n-3
n—yi—2p+2f7:1 ap—Zi

k .
+>.@,.a, )D,  (d)p)+
p=l

+ 2 Gl MY [T 68, (n-a-i-2p+

i<n—4 k=0,... p=1

L n~47i72p+zt a,—zk? i,
+>.2,.4, D, D).
p=l
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This formula can also be written as:

D IS, (i-2-2p+

k=0 p

a0 IR o A ). O

Based on the analysis (9) we determine

Theorem. If the coefficients of the equation (1)
belong to the class of the unknown (desired)
solutions and, besides that, the coefficient under

@(») in the left part of (9) is different from zero,

while b,d € C"" (DU P), then the problem
(1) is reduced to the Goursat problem. The arbitrary

constants are @, (, ), o, (¥, ),---a(ﬂn (y()) .
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