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Abstract: In this paper we derive a general relation for the moments of order statistics (o.s.) from independent and
Nonidentically distributed (inid) random variables (r.v.’s) arising from a group of distributions. This group of
distributions is represented by the cumulative distribution function (c.d.f.) in the form

Flx) =1—-be ™, g=x=§. Application for eight known distributions is given.
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1. Introduction

Let X, X5, ...%,; beinidr.v.’s with c.d.f’s
Fx) =1—-be ™ f=x=<6 i=123,...n . Let X =X ==X, denote the
corresponding o.s. There are three known methods in the literature for deriving the moments of o.s. from inid
r.v.’s.These three methods were adopted by Balakrishnan (1994a), Barakat and Abdelkader (2003), and Jamjoom and
Al-Saiary (2011). The last method depends mainly on the results of the second method.

To derive the moments of o.s. from inid r.v.’s arising from this group of distributions we will also need the
following theorem which was established by (Barakat and Abdelkader, 2003). They applied it to several continuous
distributions such as: Erlang, Positive Exponential, Pareto, and Laplace distribution. Else it used to compute the
moments of INID o.s from Erlang distribution (Abdelkader, 2003), Gamma distribution (Abdelkader, 2004), Burr
type XII (Jamjoom, 2006) and Beta distribution (Abdelkader, 2008).

Theorem 1: Let X' 1 X 257" X , be independent nonidentically distributed r.v'.s. The k™ moment of all order

statistics, ,u,(,{;),for 1<r<m and k =1,2,... isgiven by:

i —1
(ky n o J—(n=r+)) [/
dw = XD w15 () (1)
Where:
0 1
[] (k): . . z . zk J.X H Gl (X )dxa j=1,2,---,n (2)
1S11<12<"'<lj <n 0 t=1 ¢t

Gy (x)=1=F, (x), with (il,iz,---,in )

is a permutation of (1, 2, ..., n ) for which

e i
ll 1 2 < <1 n.
Proof: The proof of this theorem can be found in Barakat and Abdelkader (2003).

Theorem 2: Let X, ,X,,---,X, be independent nonidentically distributed r.v".s. drawn from group of
distributions with the formula

—m. A(x)
! , P<x <6

(k)

The k™ moment of all order statistics, My Jor 1Sr<m and k =1,2,... isgiven by:

Fi (x)=1-be
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s j-1 0

Where

, jd
I (k)= 5 6l S m,
J =1, 1!

l£11<12<~--<zj <n t

J
-A(x) ¥ m,
t=1 't

k A'(x)e dx, j=1,2,---,n

o
x [ x
s

Where
0<p<x <6<

Proof
From theorem 1:

ﬂl(f]:cn) = %
=n-—

Jj n—r

r+l1

(—l)j —(n—-r+1) {j_lllj k)

where
0

I.(k)= > '--Zkka_llj_'[{l—F (x)}dx =1,2,-
j - % s J =14,

1£i1<i2<---<z’j <n 0 t=1

Let

—m. A(x)
Fl.(x)zl—be L , f<x <6

F(B)=0=0=1-be i AP

-m, A
pe M (ﬂ):
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(4)

(3)

7 (6)

(7)

(8)
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—m. A(9J)
F(o)=1=>1=1-be !
—m. A(0)
be ! =0
—m. A(0)
=e ! =0
j —ml.t/i(é')
= J] e =0
t=1
—-A(0) ¥ m
—e e=l 1 9)
Substituting from (9 ) in ( 6 ) we obtain:
S i d —m, A(x)
zj(k)= > Xk [x* T [T be dx
<i i el < =
1_11<12< <zj_n Yij t=1
J
-A(x) Y m,
) J ~ 1
J k-1 t=1 "t
= D Y kb! [x IT e dx
<i i el < =
1_11<12< <zj_n Yij t=1
Let:
—/?.(x)é m .
t=1 U
u=e
. —/?.(x)é m .
. U t=1
du=—-1"(x) Y m. e dx
t=1
dv=xk_1dx
xk
Vv =
k
J )
. xk —/'L(x)tglmll
I. (k)= Y kb e =
J 1<ij<iy <o <i <n k
B
J J
;1 m s -A(x) ¥ m
++t_ ! jxk/l’(x)e t=1 dx ]
k B
—/1(5)% m —i(ﬂ)i m
- > s/ sk e r=lo gk e=b
1£i1<12< <i.<n
J
-A(x) ¥ m
) ~
+ b SIS m, Txk ar(x)e S
1S11<12< <i.<n t =1 t p
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P
> EIC B ) Ib (8 m,
1_1<2< <i L < I< I <iy < <l] t=1 "t
—A(x) JZ m.
9 t=1 U
x [x® A'(x)e dx | (10)
B
n
=—(.j/3"+1.'(k>
J
Where
J
. -A(x) Y m.
! J v Y k t=1 lt
I. (k)= =Y bt Y om. [x" A (x)e dx (11)
J 1<i, <ip<--+<i . <n t=1 4 p
172 Jj
Substituting from ( 10 ) and ( 11 ) in ( 5 ) the proof finished.
For Exponential distribution
_X
F(x)=l-e ¢, 0<x<w
In (9 ) put b=1,m=%,l(x)=x,ﬂ'(x)=1,,3=0,5=00 we get
S|
’ joLo1 %k t=1 0
I (k)= > ' XM X = ) ]x" (De dx
J 1<i, <iy<-+:<i.<n t=1 0i, {
1772 t
L1
. X Y .
L1 @ =1 01
= X eE(E oo lxfe T
1<i,<iy<-:<i.<n t=1 0i,” ()
172 t
I'(k+1
_ _ s ) 5 (1 )
l_zl<12<~ <i . <n (Z 1 )k
t=1 0i,
-1
k) j~n=r+1) [/
R R )
e j=n—-r+l n-r
|
% > k! (12)
1< 1 2< <zj£n (Z 1 )k
t=1 0i,
This result was obtained by Barakat & Abdelkader (2003).
For Beta type 1
o—x P;
F(x)=1-[ ,6’] , ,Béx£§,pi>0,§,,b’>0 (13)
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We can put (11 ) as

p; MG
F(x)=l-e . B<x<8,p; >0,8,5>0 (14)
In(9)put b=1, m;==p;, /1(x)=ln[g:;],/1'(x )= —ﬁ, we get
o—x
| R T R =
1= S X (=X op) ik (e dx
J 1£11<12<-~-<z.£n t=1 "t pB 0-x
J
{
k)= s 3 (s op ) P2 dx
J 1£11<12<-~-<z.£n t=1 "t p o-p o—Xx
J
J J
t=1 "1 k =1 "%
= > - [x" [6-x] dx
I<ij<iy<--<i . <n J ». B
t=1 U
(0-8)
J
p. —1
J 51‘2::1 I J
(X p;) S X p; 1
t=1 "t k x . t=1 "t
= - P . > 7 [x [1—3] dx
1<ij<iy<e-<i . <n zl pzt 4
=
(0-p8)
X
Substituti =1-—
ubstituting 5
p. —1+k
J é¢§1 Ly
(tg pl-t)
(k)= ¥ % '
J 1£11<12<-~-<z .<n J
J D
t=1
(6-5)
J
k t=1 "t
x [ (=y)'y (—ody)
o-p
)
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J leit h J
{2 pit)at %é R k
1. (k)= _ i = 1—
J() 13i1<i2<z---<i.3n z J (I) g (=)
J §1pit
(5-p)~
Y p; tk
(£ p )8 ;
_ = ' k41
1Si1<i22<---<ijén z [, 'B%é(tél Pi, +)
2 P;
@6-p) !
. i1
(o T N s VI
My j:nZ_rH( ) (nrJ
Z p; +k
(Z p )5t =L
1£1< 2< <7 $ pi
(5-py =1 "
J n k
XﬁM(EI Pl-t ’kﬂ)_(jjﬁ ] (15)
e

This result was obtained by Jamjoom & Al-saiary (2010).
For Weibull distribution

Let b=1, m;=—, A(x)=xP, 2'(x)=pxP 7!, p=0,5=0

[~

n .
1, (k) = —(_J(OH D SR () 4
J léll<12<-~<z .<n
j
I

L1
=

J
(X 1 )pka P,

dx
=1 Ht

p L1
Substituting y = x > 9; e get

http://www.sciencepub.net/academia 10 aarenaj@gmail.com




Academia Arena 2013;5(8) http://www.sciencepub.net/academia

k
2 1 o) 17—
1. (k)= X ' "'Z—kjypeydy
J 1<i,<ip<--<i.<n Jj =0
1°°2 Jj 1 p
(2 —)
t:l glt
F(£+1)
= X .Y — P -
léll<12<-~-<l <n Jj 1 »
(2 )
t=1 glt
1
(k) _ j—(n-r+1) [/
u = > (-1
e Jj=n—-r+l n=r
L
x > oy —L (16)
1<i, <i,<--<i.<n j k.
12 Jj 1 p
(2 )
t=1 Hlt

This result was obtained Barakat & Abdelkader (2000).
For Rayleigh distribution
By put p=2in (15) we get

. i —1
s =3 (—1>J‘(”‘”1)£]}

j=n—-r+l n—r
K
2 .
S > — - (17)
l£11<12<~--<zj <n L1 5
(2 — )
t:l Hlt
This result was obtained by Barakat & Abdelkader (2003).
For Pareto Distribution
F(x)=1-x"" 1<x <o
=1_e—vlnx
1
Let b=1, m;=v,, A(x)=In(x), A'(x)=—, p=1,0=0
X
J
-lnx ¥ Vi
, i © t=1 it
I. (k)= > ey (X Vi)jx e dx
J 1<i, <ip<-++<i . <n t=1 1
1772 j
J
k—Y v. -1
' { Y l‘zzll !
10)= ¥ X (S Ix dx
lSzl<12<---<szn t=1 Yij
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J
Let Y v. >k
t=1"1
— j —00
k—=% v. -1
j t=1
' X
RIS S X 7 -
_ll<12<"'<l .Sn = k- Z y
t=1"1
L Al
1
T i< z < Gz )| J
_zl<12< <i.Z<n t= k- S v
>
|4 .
t=11 J
B <i z < z J ’ Z:1 i 7k
l_zl<12< <i.<n Sy ok t=
t=1"1
1
(k) n j—(n—r+l) J
My = X (=1)
i j=n—-r+l n-r
J
>V
r=1 " n
> IR B S b —U]
l_zl<12< <i.<n S <iy<eee<i o <n Sy ok J
t=1"1
This result was obtained by Barakat & Abdelkader (2003).
For Exponentiated Frechet distribution:
a.
_(Q)/i i
Fl.(x)zl— l-e X , x>0,0>0, >0, a>0 (18)
See Nadarajah, S. & Kotz, S. (2003) and Badr, M. (2010).
We can put Eq (18) as:
—(2)4
a; Injl-e “x
F(x)=1-e , x>0,0>0, 1>0, a; >0 (19)
o\ A A —A-1
(5 -A
Let b=1,m =-a., ﬂ,(x)=ln|:1—e ) } A (x )= — ?0))6/1 in (9)we get
e X 1
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i A —A-1
) z 0 Ao x
e o o o v I
_zl<12<~~-<zj_n t= t 0 e(;) 1
i —(C\A
é a. In|l-e (x)
=1
X e dx
$ a1
, J © g1, -(DHA| S
1 (=it ' (X e )] l—e &
J 1S11<12<---<z.£n t=1
J
(9 A
X e (x) dx
By using binomial expanding we obtain:
' O k-1-1
1) =20t | Y(X a)[x
1S11<12<---<Z.Sn t=1 't 0
J
j .
Zlal. -1 é al, -1
t=1 "t t=1 "t —(I+1) ()4
« Y , (-1) e D GO 4
1=0
(k) n j—(n—r+1) J
e j=n-r+l n=r
A
1£i1<i2<---<i.£n t=1 ‘¢
J
' J
é a -1 X & -1
t=1 't t=1 t o0 9 —(l+1 o A
y 5 1) T k/”tle( )(x)dx]
1=0 l
Let
1 L
y =+ s x =0 (14D y A
-1
dxz—g(lwtl)ﬁ“y A dy
A
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. i —1
. (k) L j=@m-r+n)|/
My = 2 (=D
AR | n=r
1 J
1£i1<i2<---<i.£n t=1 *t
J
J J
a. -1 ¥ a -1
tél L t=1 4 N o —&4—1—1
(-1) y -y
x ) —L_lfy e ~dyl|]
=0 ! 2710
(/+1)
} i —1
. (k) 2 j=@m-r+) |/
My = X (=D
AR | n=r
1 J
1£i1<i2<-~-<i.£n t=1 *t
J
Jj J
a -1 ¥ a -1
;él oo |r=1 k PN LSV
(-1) y -y
x ) —L_lfy e ~dy |l
=0 ! 2710
(I+1)
. -1
. (k) L j=(n-r+)|/
LMyt =X (-D
e j=n-r+l n=r
1 J
x[o D (X O!Z-)
1S11<12<~-~<1.Sn tr=1 *¢
J
j J
a. -1 ¥ a -1 k
tél b =1 U ; F(1—1)
X )y (-1 —————11] (20)
/=0 [ k _
(1+1)*

This result was obtained by Jamjoom & Al-saiary (2011 to appear).
For Erlang truncated Exponential distribution:

—ax (l—e™H)

F(x)=1-e 0<x <o0,a,A>0
b=1,m=p(1-e"), A(x)=x,4"(x)=1,4=0, §=o0 Let
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' j 4 _/Iit
1= % eI (T a-e 1)
1£11<12<-~-<z .<n t=1
J
—x Jz a(l—e 1)

© -
X jxk(l)e t=1 dx
0

J 4
k) = % X (X oa(-e 1))
J 1£11<12<~~-<z .<n t=1
J
—X é a(l—e ')
® k t=1
x [x" e dx
0

T(k +1)

J _/li
(S a(i-e 1)k
=1

(_1)/~(n=r+D {1‘1}

1£i1<i2<---<z’j <n

bt
=n-—

Jj n—r

r+1

T(k+1)
) (21)

(5 a-e 'ty
t=1

1£i1<i2<-~-<z’j <n

This result was obtained by Jamjoom & Al-saiary (2010) and (2011).
For Laplace Distribution

1 —a.x
F, (x) =1—Ee ! x>0. a>0 (22)

In (9)put b=%, m=a, A(x)=x,A"(x)=1=0,5=0 we get

1 i ] 0 - é ai
XY (S ayxke T g
27 =1 %70

T'(k +1)

P
2 (S a f
t=1 Y%
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-1
. (k) n j—(n—r+1) |/
LMy =X (1)
e j=n-r+l n—r
k!
x Y (23)
1£i1<z‘2<-~-<z‘ <n

This result was obtained by Barakat & Abdelkader (2003).

Table 1. The k™ moments of the ™ o.s. from independent nonidentical random variables for some distributions

Distribution F(x ! (k)
®) Ax) | A(x) | B m, e
Exponential X X 1 0 1 n S
0 9 _1 j—(n—r+
l-e i Z (1) s
Jj=n-r+l
k!
x> Z?
15i1<i2<---<ij5n ( )
Weibull xP x? pxp—l 0 6’; % (1) ~n-r+D) J-1
| ) H i J=n-r+l n=r
k
1<i <12<~<1]<n i 1 p
(X 5.)
=1 Hlt
Beta type I 1_[§ , [5—x ~1 B —Di | % 1(,1)/'—(»17”1)['?:1
_ J=n-r+
5_510 5-p | o-x ;
j X Ptk
(x opelt
S “'Z[%
1S11<12<“'<lj <n s p,
-pr =t
$ k+1 ") gk
xﬁ%ﬁggl Py ok %[/Jﬁ ]
Rayleigh _x? x?2 2x 0 L N ) J-
l—e 2 91 Jj=n—-r+l n=r
!
X1<'<' § <i.< T J k
S 1 o<l .=Sh =
172 j (s L 2
t=1 0i
Pareto In(x) 1 1 v, & 1<—1>H"'”D[i:J
Fx)=l=x " X ’ ¢
- I e = B
1311<12<---<zj§n 1i <iy <<y <n Z‘/r —k 4
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Distribution F(x) A(x) A'(x) B | oD m, ﬂﬁ{{n)
-2 0 o |1 -a. . j-
. 94| _ 1 i Lo i)
Exponentiat e Pl e X ﬂ.OA X j:nZ_M( Y e
ed Frechet 1d1e X (Q') A 4 ;
e X’ 4 x[ o (X )
1Sll<12<~'<l.Sn t=1 %t
J
a -1 jZDt -1 k
A% AT e
)
| Ay
1+t
_2« X 1 0 Y 1 ax n ~(n—r+) [jil]
— -1
biang | 1-e (7 R P
Truncated (e 1) < L(k+1)
Exponential ISty <iy<e<d <n (tél " (H’}‘z‘, N
DLaplgce l_le—ax X 1 0 o0 1 ai % (71)]{}’14"1'1) ]4
1stribution 2 ) i nr
1311<12<~<1j§1 2,(2 @ )((
t=1 %
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