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Abstract: In this paper we derive a general relation for the moments of order statistics (o.s.) from independent and 
Nonidentically distributed (inid) random variables (r.v.’s) arising from a group of distributions. This group of 
distributions is represented by the cumulative distribution function (c.d.f.) in the form 

. Application for eight known distributions is given. 
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1. Introduction 
   Let  be inid r.v.’s with c.d.f.’s 

. Let denote the 
corresponding o.s. There are three known methods in the literature for deriving the moments of o.s. from inid 
r.v.’s.These three methods were adopted by Balakrishnan (1994a), Barakat and Abdelkader (2003), and Jamjoom and 
Al-Saiary (2011). The last method depends mainly on the results of the second method.  
 To derive the moments of o.s. from inid r.v.’s arising from this group of distributions we will also need the 
following theorem which was established by (Barakat and Abdelkader, 2003). They applied it to several continuous 
distributions such as: Erlang, Positive Exponential, Pareto, and Laplace distribution. Else it used to compute the 
moments of INID o.s from Erlang distribution (Abdelkader, 2003), Gamma distribution (Abdelkader, 2004), Burr 
type XII (Jamjoom, 2006) and Beta distribution (Abdelkader, 2008).  
 

Theorem 1: Let 1 2, , , nX X X be independent nonidentically distributed r.v,.s. The kth moment of all order 

statistics, 
( )
:
k

r n ,for 1 r n   and 1, 2,k    is given by: 

1( ) ( 1)
( 1) ( ) (1):

1

jnk j n r
I kr n jn rj n r


   

   
       

Where: 

1( ) ( ) , 1, 2, , ( 2 )
11 01 2

j
kI k k x G x dx j n

j iti i i n t
j

    
    

 


 

( ) 1 ( ),G x F x
i it t

   with  , , ,1 2i i in
 is a permutation of (1, 2, …, n ) for which 

1 2i i in  
. 

 
Proof: The proof of this theorem can be found in Barakat and Abdelkader (2003). 
 

Theorem 2: Let 1 2, , , nX X X be independent nonidentically distributed r.v,.s. drawn from group of 

distributions with the formula 

( )
( ) 1 ,

m x
iF x b e x

i


 


     

 The kth moment of all order statistics, 
( )
:
k

r n ,for 1 r n   and 1, 2,k    is given by: 



Academia Arena 2013;5(8)                                   http://www.sciencepub.net/academia  

http://www.sciencepub.net/academia                                            aarenaj@gmail.com 6

  

1( ) ( 1)
( 1) ( 1) (3):

1

n
k

j

jnk j n r
I kr n jn rj n r

 
                      

 

Where 

( )
1.1

1 2

( )
1

( ) , 1, 2, , ( 4)

jj
I k b m

j iti i i n t
j

j
x m

ittkx x e dx j n







    
    

 
 






 

Where 

0 x       

Proof 
From theorem 1: 

1( ) ( 1)
( 1) ( ) (5):

1

jnk j n r
I kr n jn rj n r


   

         

 

where 

1( ) 1 ( ) , 1,2, , (6 )
11 01 2

j
kI k k x F x dx j n

j iti i i n t
j

        
      

 


 

 Let 

( )
( ) 1 , (7 )

m x
iF x b e x

i


 


     

( )
( ) 0 0 1

( )
1

( ) 1

( )
1

1 1

m
iF b e

m
ib e

m
ie

b
mj jite

bt t

 


 

 

 


   


 


 



  
 

 

 

( )
11

(8)

j
m

itt j
e b

j
b

  
 

    
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( )
( ) 1 1 1

( )
0

( )
0

( )

0
1

( )
1

0 (9 )

m
iF b e

m
ib e

m
ie

mj ite
t

j
m

itt
e

 


 

 

 

 


   


 


 



 


 


 

 

Substituting from ( 9 ) in ( 6 ) we obtain: 

( )
1( )

11
1 2

( )
11

11
1 2

m xj ik tI k k x b e dx
j ti i i n

j

j
x m

ij ttj kk b x e dx
ti i i n

j











   

    

 
   

    







 

Let: 

( )
1

( )
1

( )
1

1

j
x m

itt
u e

j
x m

ij tt
d u x m e d x

it t

k
d v x d x

kx
v

k







 




 
  








 

( )
1

( ) [
1

1 2

( )
1 1

( ) ]

( ) ( )
1 1

[ ]
1

1 2

( )
1

[ ( ) ]
11

1 2

j
x mk ix ttj

I k k b e
j ki i i n

j

j j
x mm

i it tt tkx x e d x
k

j j
m m

i it tt tj k kb e e
i i i n

j

j
x m

ij ttj kb m x x e d xiti i i n t
j













   

 







 


  
    

 
   

  
 

  
    

 
    

    








  
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( ) [
11 1

1 2 1 2

( )
1

( ) ] (10)

( )

jjk b m
iti i i n i i i n t

j j

j
x m

ittkx x e dx

n k I k
jj











      
         

 
 

     
 

 
 

 

Where  

( )
1

( ) ( ) (11)
11

1 2

j
x m

ij ttj kI k b m x x e dx
j iti i i n t

j







 
     

    



 

Substituting from ( 10 ) and ( 11 ) in ( 5 ) the proof finished. 
For Exponential distribution 

 ( ) 1 , 0

x

F x e x


     

In ( 9 ) put 
1

1, , ( ) , ( ) 1, 0,b m x x x   


       we get 

1

1 1
( ) (1) ( ) (1)

11 01 2

1

1 1
( )

11 01 2

( 1)

11
1 2 ( )

1

j
x

j itj tkI k x e dx
j iti i i n tj

j
x

j it tkx e dx
iti i i n tj

k

ji i i n kj
it t











       
    

  
    

    

 
  

    












 

1
( ) ( 1)

( 1):
1

!
(12 )

11
1 2 ( )

1

jnk j n r
r n n rj n r

k
ji i i n kj

it t





   
    

     

  
    







 

This result was obtained by Barakat & Abdelkader (2003). 
For Beta type 1 

 ( ) 1 [ ] , , 0, , 0 (13)
px iF x x p

i


   
 


     


 



Academia Arena 2013;5(8)                                   http://www.sciencepub.net/academia  

http://www.sciencepub.net/academia                                            aarenaj@gmail.com 9

We can put ( 11 ) as  

ln [ ]
( ) 1 , , 0, , 0 (14)

xp
i

F x e x p
i


 

   




       

In ( 9 ) put 
1

1, , ( ) ln[ ], ( ) ,
x

b m p x x
i i x


 

  


    

 
 we get 

ln [ ]
1 1

( ) ( ) ( )
11

1 2

11
( ) ( ) [ ]

11
1 2

1( )
1 1

[ ]
1

1 2
1

( )

1
1

j xp
ij ttkI k p x e dx

j i xti i i n t
j

j
p
ij x ttkI k p x dx

j i xti i i n t
j

j j
pp

i it tt tkx x dx
ji i i n

pj
itt

i i


 



 

  






 


       

    


      
     

 
 

   
    







 












1
1

1( )
1 1

[1 ]

2
1

( )

j
p
ij jtt

pp
i it x tt tkx dx

ji n
pj
itt






 




 
 

  
  








Substituting 1
x

y


   

 

1
1

( )
1

( )
1

1 2
1

( )

1
0 1

(1 ) ( )

j
p k
ij tt

p
it t

I k
j ji i i n

pj
itt

j
p
ittky y dy



 


 


 



   

    








  




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( )

1
1( )

1 1
(1 )

1 01 2
1

( )

1
( )

1
( , 1 )

11
1 2

1
( )

I k
j

j
p k
ij jtt

pp
i it tt t ky y dy

ji i i n
pj
itt

j
p k
ij tt

p
i jt t

p k
ij ti i i n tpj

itt

 


 



 


 




   

 
   

    











        











 

1( ) ( 1)
( 1):

1

1
( )

1
[

1
1 2

1
( )

( , 1 ) ] (15)
1

jnk j n r
r n n rj n r

j
p k
ij tt

p
it t

ji i i n
pj
itt

j n kp k
i jt t





 

  


   
          







  
    






 
       




 

This result was obtained by Jamjoom & Al-saiary (2010). 
For Weibull distribution 

Let 
1 1

1, , ( ) , ( ) , 0,
pp

b m x x x p x
i

i

   


        

( ) (0) (1)
1

1 2

1

1 1 1
( )

1 0

n j
I k

j j i i i n
j

jpx
j ip t tkp x x e dx

it t





       
     

   
  






 

Substituting 
1

1

jp
y x

it t 


we get 
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1
( )

1 011 2
( )

1

( 1)

1 11 2
( )

1

k
yp

I k y e dy
j ki i i n j pj

it t

k

p
ki i i n j pj

it t





     
    




 

  
    










 

1
( ) ( 1)

( 1):
1

!
(16 )

1 11 2
( )

1

jnk j n r
r n n rj n r

k

P
ki i i n j pj

it t





   
         

  
    







 

This result was obtained Barakat & Abdelkader (2000). 
For Rayleigh distribution 
By put p = 2 in ( 15 ) we get  

1
( ) ( 1)

( 1):
1

!
2 (17)

1 11 2 2( )
1

jnk j n r
r n n rj n r

k

ki i i n jj

it t





   
    

     

  
    







 

This result was obtained by Barakat & Abdelkader (2003). 
For Pareto Distribution 

( ) 1 1

ln
1

F x x x

x
e






    


 

 

Let 
1

1, , ( ) ln ( ) , ( ) , 1,ib m x x x
i x

           

ln
1

1( ) ( )
11 11 2

1
1

( ) ( )
11

1 2

j
x

itj ik tI k x e dx
j iti i i n

j

j
k

ij t
I k x dx

j iti i i n
j











 
      

    

 
     

    






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Let 
1

j
k

it
 


 

1
1

( ) ( )
11

1 2
1

1

1
( ) 1

11
1 2

1

1
,

11
1 2

1

j
k

itj x
I k

j i jti i i n
j k

it

j

i jti i i n
j k

it

j

i jt
k

ij ti i i n
j k

it


















 

  
 

     
      

  
  

 
 
          
  
  




   
    













 

1( ) ( 1)
( 1):

1

1
[ ]

1 1
1 2 1 2

1

jnk j n r
r n n rj n r

j

i nt
j ji i i n i i i n
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This result was obtained by Barakat & Abdelkader (2003). 
For Exponentiated Frechet distribution: 
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See Nadarajah, S. & Kotz, S. (2003) and Badr, M. (2010). 
We can put Eq (18) as: 
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By using binomial expanding we obtain: 
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This result was obtained by Jamjoom & Al-saiary (2011 to appear).  
 
For Erlang truncated Exponential distribution: 
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This result was obtained by Jamjoom & Al-saiary (2010) and (2011). 
For Laplace Distribution 
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This result was obtained by Barakat & Abdelkader (2003). 

 
 

Table 1. The kth moments of the rth o.s. from independent nonidentical random variables for some distributions 
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